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Abstract

Soap Film Mediated 3D Self-Assembly: Suspended and Dis-
placement Driven Geometries Using Centimeter-Scale Tiles
The shapes of soap films and their properties have been studied for centuries, and
scientific literature mentioning the self-assembly of structures across length scales is
becoming increasingly prevalent. While research regarding self-assembly is often fo-
cused on the nanoscopic regime, multiple recent reviews aptly state that self-assembly
is not limited to molecules. To better understand self-assembly systems in generality,
pushing the boundaries of scale and methodology is paramount. This thesis demon-
strates the self-assembly of multiple geometries on centimeter length scales by use of
a novel medium, namely soap films. Gravity-mediated and displacement-driven as-
semblies demonstrate platonic solid geometries as well as prismatic and pyramidal
structures of varying heights within a catenoid-like soap film membrane. The edge-to-
edge alignment of any two tiles is similar to the self-assembly processes described in
research regarding the rotation of microstructures. An axes-symmetric model of soap
film deflection within the context of gravity-mediated structures is derived and com-
pared to experiments with excellent accordance found. The model is derived by energy
methods, using a calculus of variations approach. For the structures constructed us-
ing the displacement-driven method, two effective radii predicting the pinch-off of the
soap film were discovered and used to compare experimental results to the predictions.
Self-folding within the context of displacement-driven assemblies is also presented to
reiterate the versatility and robustness of the assembly method. Numerical simula-
tions using Surface Evolver are presented throughout to provide an additional method
of analysis of the equilibrium states of the assemblies. The characterization of funda-
mental geometries assembled by the methods presented in this thesis enables future
research and applications in packaging, robotics, and three-dimensional electronics.
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Introduction

0.1 Preface

Structures that make up the physical world are complex and elusive. The observations
of these structures span the entirety of recorded history. The observers range from
painters and sculptors to modern-day researchers. Observations are followed by dis-
coveries that are thereby followed by understanding. As observers, we slowly unravel
the processes dictating the physical system we inhabit and gain the knowledge associ-
ated therein. Patterns and geometric assemblies are found at any length scale, from
molecules to galaxies, Whitesides and Boncheva [1] postulate. Regarding self-assembly,
the scientific community has seen a sharp increase in the frequency of publications
over the last 30 years as compiled by Mastrangeli and Perego [2] as well as Cui and
Zhao [3]. The ability to interrogate the nanoscopic and microscopic regimes has led to
many discoveries. At the same time, the control of components at such length scales
continues to create novel self-assembled structures; the reviews of Arigaa et al. [4] and
Iyer and Paul [5] outline many of these advancements. As the characteristic length
scale of assemblies increases, the dominant force acting on the respective components
changes. From nanometric to micrometric, the effects of van der Waals, electrostatic,
and molecular forces dominate compared to the force due to gravity. A transition
is often referenced regarding capillary systems where the force due to gravity is only
comparable at sufficiently small length scales, namely the millimeter length scale, as
the capillary length of most liquids is on the order of 2 mm, noted in the book of
Jean Berthier [6]. Consequently, the dimensionless parameter Eötvós or Bond number,
defined as a ratio of the capillary length and another characteristic length, is typically
small in systems where capillary is the driving force. An important distinction to note
is that capillary length is calculated with respect to a liquid-gas interface, so while
a soap solution may have a capillary length of approximately 1.7 millimeters, a soap
film membrane or soap bubble will exhibit a capillary length on the order of 3 meters,
depending on its thickness as Cohen et al. [7] note in their work on giant soap bubbles.
This thesis demonstrates the potential for assemblies on centimeter length scales where
the competition of gravity, surface tension, and geometric constraints yields captivat-
ing structures. Specifically, this thesis presents the assembly of centimeter-scale tiles
into suspended platonic geometries via a gravity-mediated process and prismatic and
pyramidal displacement-driven assemblies by use of a pinch-off of a catenoid-like soap
film. The applications of such structures include novel packaging methods, robotics,
and electronics. The unique combination of a soap film substrate and non-patterned
flat centimeter-scale tiles is shown to be a diverse system enabling the construction of
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2 Introduction

a variety of assemblies.

0.2 Motivation and Discovery

Many avenues of research have led to advancements in self-assembly capabilities. Progress
concerning self-assembly produces new materials, new methods of fabrication and im-
pacts a variety of fields. The development of such methods relies on technological
resources and an understanding of the underlying physics. Some discoveries are coin-
cidences, while others are the product of continued research progress. The methods
and results presented in this thesis provide an additional avenue of research regarding
self-assembly, and the work discussed is connected to a multitude of active research
fields. The self-assembly paths presented in this thesis involve competition between
geometric, capillary, and mechanical interactions, as pre-patterning is not necessary.
Moreover, the use of a catenoid-like soap film as a substrate has no precedent. This
unique approach creates a system in which geometrical effects stemming from the cur-
vature of the film and physical effects stemming from capillary interactions combine
to facilitate assembly. Another distinguishing feature of the method is that it can be
harnessed in combination with gravity or imposed displacement. Most self-folding pro-
cesses require the addition of heat, electromagnetic radiation, and other environmental
changes [8–12]. Current methods for the assembly of polyhedral structures lack the
means to construct centimeter-scale assemblies from independent components.

The traces of discovery regarding the self-assembly system presented started while
investigating the behavior of an acetone droplet in a Leidenfrost state deposited onto
an air-water interface as proposed by Janssens et al. [13]. The interaction of the
acetone droplet with the supporting interface exhibited many fascinating phenomena.
The influence of Marangoni propulsion, capillary-gravity waves, and interfacial effects
make the system increasingly complex [14–18]. As such, a series of simplifications were
considered to reduce the complexity and allow further investigation. Firstly, removing
Marangoni effects and maintaining a constant surface tension, a system reminiscent
of coupling a moving liquid-gas interface with static obstacles. Secondly, consider the
interface to be static along with the obstacle, as the fundamental solution of the larger
system should encompass this simple case. The problem is now one of capillarity,
with significant research done over hundreds of years, with new questions arising to
this day. Consider the capillary rise of a liquid-gas interface around a thin plate,
a glass microscope cover-slip with thickness ranging from 0.13 � 0.17mm, arranged
perpendicular to the quiescent interface. The system is now only dependent on the
geometry of the obstacle/cover-slip, surface tension, and hydrostatic pressure. To
isolate the effect due to surface tension, a soap film generated across a ring was used
experimentally. As the cover-slip pierces the soap film membrane with the surface of
the soap film perpendicular to the wide face of the cover-slip, the familiar capillary rise
does not occur due to the symmetry of the soap film. As the angle between the cover-
slip and the bounding ring of the soap film changes, the interaction of the soap film and
the cover-slip shows a moving contact line of similar shape to the previous experiments
with a liquid-gas interface at varying surface tensions. As the relative angle between
the cover-slip and the ring bounding the soap film approaches zero, the soap film seems
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to align with the edges of the cover-slip. With the boundary of the soap film coinciding
with the edges of the square cover-slip, a catenoid-like soap film can be seen as the
cover-slip is displaced from the supporting frame. Once the cover-slip was released,
I noticed that instead of passing through the soap film or causing it to rupture, as
Stogin et al. [19] detailed, the tile was suspended within the soap film. The addition
of components confirmed the robustness of the system. A model was derived for an
axisymmetric system to describe the experimentally realized assemblies. As a tile could
be supported within an initially quiescent soap film, the next step was the deposition
of centimeter-scale tiles onto a catenoidal soap film. The symmetry of the system
permits the construction of prismatic, pyramidal, and octahedral geometries resting on
a base at centimeter-length scales. Using the pinch-off behavior of a catenoidal soap
film, structures separate from the initial film were constructed. The impact of the
suspended tiles within the catenoidal soap film is encompassed in the effective radii of
the base corresponding to the various structures.

0.3 Organization of the Thesis

The following chapter details pertinent background information regarding self-assembly
systems and soap films. A calculus of variations approach is presented in Chapter 2
to describe the simplified system of a ring suspended within a soap film. The pro-
posed solution in Chapter 2 is compared to experimental results, and the potential of
gravity-mediated assemblies in the likeness of platonic solid geometries is discussed.
Numerical simulations using Surface Evolver are used to compare the equilibrium of
the gravity-mediated assemblies to the proposed axisymmetric model. Extending the
gravity-mediated assemblies to free-standing displacement-driven assemblies via pinch
off-phenomena is demonstrated in Chapter 3. A model for the angle of a rectangular
tile suspended within a soap film while one edge is attached to a base is proposed and
compared to experimental results. Surface Evolver simulations of a prismatic assembly
in progress, similar to the proposed model, are presented and compared to the exper-
imental results. The construction of prismatic, pyramidal, and octahedral structures
by the displacement-driven method is accompanied by corresponding effective radii
such that the pinch-off phenomena correspond to the theory presented in Chapter 2.
Combinations of prismatic and pyramidal structures are also presented, along with
experiments demonstrating the potential of self-folding in the context of displacement-
drive assemblies within a soap film. Lastly, a concluding chapter brings together the
self-assembly methods described in Chapters 2 and 3 into a phase space of existence.
The concluding remarks also detail potential future work and applications.





Chapter 1

Background

Self-assembly and self-folding are broad categories of methodologies observed in nature
as well as implemented in modern material science. This chapter will outline the
distinctions between self-assembly and self-folding while introducing the relevant state-
of-the-art research. The final section of this chapter will detail soap film membranes
as idealized capillary systems with surprising robustness. A discussion pertaining to
topological transitions in the context of soap films will lay the foundation for the pinch-
off phenomenon referenced in subsequent chapters.

1.1 Self-assembly

Self-assembly is commonly described in the literature as the process by which individual
components form an organized structure. For example, the book of John A. Pelesko [20]
defines the process of self-assembly as follows:

Self-assembly refers to the spontaneous formation of organized structures

through a stochastic process that involves pre-existing components is re-

versible and can be controlled by the proper design of the components, the

environment, and the driving force.

Although the vast majority of the work on this topic is concerned with the fabrica-
tion of nanometer and micrometer-scale structures, Whitesides & Boncheva [1] point
to the potential value of self-assembly at larger scales, centimeter included. Further-
more, the interest pertaining to self-assembly at centimeter and larger length scales is
extensively found in recent publications as well as books on the topic [20–22].

1.1.1 Sub-millimetric scale assemblies
Figure 1.1 details only one of the multiple self-assembly systems involving nanometer-
scale components; on the nanometer and micrometer length scales, self-assembly has
been investigated for many years. The image in Figure 1.1 is reproduced from the work
of Gu et al. [23] and depicts the assembly of 200 nm long rods into bundles and chains.
Molecular self-assembly is also a prolific field of study on such length scales.

5



6 Background

Figure 1.1: The image is reproduced from the work of Gu et al. [23]. The self-assembly of independent
200 nm long rods into bundles and rows. Similar results have been shown in the work of Botto et
al. [24] and Lewandowski et al. [25] regarding the assembly of micrometer-scaled cylindrical particles
into chains.

Terfort et al. [26] demonstrated the possibility of millimeter-scale assemblies as early
as 1997 by use of components agitated in a closed environment until multiple assemblies
were observed. Typically these assemblies are limited to two-dimensional structures;
the work of Tien et al. [27] is an example. Or, as Park et al. [28] describe in their 2004
work, conglomerates of many three-dimensional components. By functionalizing the
edges of the components, the final assembly can be tuned to exhibit various emerging
structures.

1.1.2 Capillary self-assembly

Capillarity, or surface tension, driven self-assembly has been studied for decades, the
"Cheerios effect" being an example from as early as 1979 pioneered by the work of
Chan et al. [34]. The more recent works of Hosokawa et al. [33] and Vandewalle et
al. [32] rely on the fabrication of floating objects that have 3D geometric properties or
functionalized edges and produce two-dimensional assemblies of discrete components
on centimeter length scales. Figure 1.2 depicts the primary operative interactions of
surface tension driven self-assembly on a liquid-gas interface, and Figure 1.3 a particular
set of experiments from the work of Vanderwalle et al. [32] implementing the capillary
attraction detailed in (c) of Figure 1.2. The experiments of Hosokawa et al. [33] are the
precursors to those of Vanderwalle et al., as predominantly, the shape of the floating
tiles was modified to enable the sharpest edges to meet at a point. The work of Bowden
et al. [30] demonstrates the use of the component interactions depicted in panel (a) of
Figure 1.2.

The assembly of colloidal particles on small length scales continues to be a prolific
field of study as demonstrated in the works of Botto et al. [35], Ni et al. [36], and
Lui and Li [37], all dealing with nanoparticle assemblies. The operative interactions of
assembly presented in this thesis are reminiscent of those described by Liu et al. [38],
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Figure 1.2: The image is reproduced from the work Poty et al. [29]. Each row (a), (b), and (c) details
the use of functionalized components in the self-assembly on capillary surfaces. Namely, hydrophobic-
ity/hydrophilicity, magnetic interactions, and non-planer shape distortions, respectively. The effect of
the "Capillary Bond" as described by Bowden et al. [30] is a good example of the interactions detailed
in (a). Grzybowski et al. [31] demonstrate the assembly of structures using operating principles as
seen in (b). An example of the interactions seen in (c) are found in the work of Vanderwalle et al. [32]
by the design of non-planer floating components varying two-dimensional structures or patterns can
be assembled. In addition to these modifications, the in-plane shape of the components also constrains
the resulting assembled structures, as seen in the work of Hosokawa et al. [33].

where assemblies arise as a result of the curvature of a fluid interface. Almost all
surface tension-driven assemblies are restricted to two-dimensional patterns, and very
few others can accommodate structures on the scale of centimeters. Capillary effects are
commonly compared with gravitational effects only at sufficiently small length scales,
say below a few millimeters, as seen in the work of Poty and Vandewalle [39].

Figure 1.2 showcases the predominant design choices that drive two-dimensional
self-assembly on an interfacial medium. Figure 1.3 alternatively demonstrates that
within the constraints of assembly on an interface, the possibility for emergent struc-
tures that make use of capillary forces is diverse and surprising. But self-folding can
also be driven by surface tension, as is described in the following section.
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(i)

(ii)

Figure 1.3: As detailed in the work of Vanderwalle et al. [32] by the design of non-planer floating
components, varying two-dimensional structures or patterns can be achieved. Each rhombus seen in
(ii) has an edge length of 1cm and corresponds to the respective shapes seen above in (i). A notable
aspect of this work is that at a defined temperature, the 3D shape of each component changes, and
thereby the realized assembly is reconfigured.

1.2 Self-Folding

Compared to self-assembly as defined in the previous section, self-folding does not
comprise independent components but instead, as the name suggests, the automated
folding of two-dimensional patterns into three-dimensional structures. Reminiscent of
origami instructions, self-folding typically refers to a hinged structure, where each hinge
corresponds to a crease instruction within an origami manual. Self-folding methods
without prescribed hinges have been studied by Py et al. [40] as well as Geraldi et
al. [41] within their work on "Capillary Origami." As this thesis makes use of rigid tiles
for the proposed self-assembly method, self-folding within this thesis will refer to the
construction of three-dimensional structures from pre-patterned two-dimensional nets
of the structures to be realized.

1.2.1 Small scale folding
The distinction between self-folding and self-assembly is adequately demonstrated by
comparing Figure 1.1 and Figure 1.4. The self-folding method depicted in Figure 1.4
makes use of the capillary force acting on a hinge by liquid solder under a change in the
environmental temperature; the image is reproduced from the work of Kaplan et al. [9].
Figure 1.5 alternatively depicts repeated folding of a cubic structure by precisely con-
trolling the volume of a water droplet interacting with the four hinged squares. Legrain
et al. [42] further investigated other prismatic structures in their 2014 work. While self-
folding produces three-dimensional assemblies from two-dimensional templates, the ini-
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Figure 1.4: The image is reproduced from the work Kaplan et al. [9]. The self-folding process shown is
driven by the liquid solder deposited at the edges of the dodecahedral net and the changing temperature
of the medium; each edge length is 300 µm. While the process of self-folding depicted is a significant
advancement, the selection of the appropriate two-dimensional net poses an interesting question; out
of the 43,380 distinct net representations of a dodecahedron which is the most suitable for the self-
folding process demonstrated. Kaplan et al. describe the dominant intermediaries to reduce this
problem and isolated 21 nets to study the yield of polyhedra construction; the method numbered 17
is given as an example. Leong et al. [8] detail these design considerations regarding a cubic structure
and the ideal solder volume for appropriate folding angles.

tial production of such templates limits the types of assemblies achieved. The precise
control of environmental factors should also be considered as many such processes oc-
cur at narrow temperature windows or chemical concentrations. Self-assembly, on the
other hand, especially on nanometer length scales, predominantly produces aggregates
of functionalized components under similar conditions as those required in self-folding
processes.

Figure 1.5: The image is reproduced from the work of Legrain et al. [42]. It depicts the repeatable
folding of a cubic structure by use of through-wafer filling. The controllable elastocapillary folding
described makes use of the edge pinning properties of water and the precise control of the water
volume.
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1.2.2 Mesoscale and large scale self-folding
The work of Callens et al. [43] and Boncheva et al. [44] pertain to mesoscopic self-
folding of linked components as seen in Figure 1.6. Boncheva et al. [44] detail self-
folding paths involving competition between mechanical and magnetic interactions,
while Callens et al. [43] alternatively developed self-folding methods for fabricating
three-dimensional structures from planar linkages spanned by latex sheets. Some of
the achieved structures are seen in Figure 1.6, and they range in size from a few
millimeters to a few centimeters.

Figure 1.7 is reproduced from the work of Leong et al. [8], investigating the self-
folding of polyhedra at multiple length scales. Using a similar methodology to that
found in the work of Kaplan et al. [9] a much broader size range of structures was
realized. The images in Figure 1.7 show that surface tension-driven assembly methods
could be extended to even larger sizes, and there is a distinct interest in the construc-
tion of even larger structures. Song et al. [12] demonstrate an inverted system yield-
ing centimeter-scale and even meter-wide assemblies of two-dimensional pen drawings
submerged in water to generate 3D structures by surface tension driven detachment
followed by solidification at a fluid interface.

(i) (ii)

Figure 1.6: Self-Folding geometries on centimeter-length scales. (i) showing the work of Callens et
al. [43], which demonstrates the use of pre-strained elastomer sheets as a driving force of self-folding
on specifically designed frames. (ii) showing the work of Boncheva et al. [44] making use of the
competition between mechanical and magnetic interactions.
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Figure 1.7: Multiple self-folding cubes ranging from 10 µm to 1 mm side lengths, reproduced from the
work of Leong et al. [8]. These experiments demonstrate that a liquid solder based surface tension-
driven self-folding process can fold structures up to 2 mm in size. This shows that with the appropriate
system and methodology, capillary forces can facilitate assemblies on larger length scales.

1.3 Soap Films

Soap films have fascinated scientists and students alike for over a hundred years.
Boys [45] demonstrated many beautiful and interesting properties of soap films in
his 1890 book, as did Courant [46] 50 years later, and the applications of soap films
continue to appear in a multitude of fields to this day.

1.3.1 Film thickness and longevity

Figure 1.8 demonstrates three main topics concerning soap films: draining, mixing,
and thinning. Immediately following the generation of a soap film, be it in bubble
form or bounded by a frame, the surface is observed to be somewhat chaotic, some-
where between turbulence and convective currents. Soap films are often used to study
two-dimensional fluid dynamics; Vorobieff et al. [48] characterized two-dimensional tur-
bulence using soap films, while Chomaz and Cathalau [49] investigated soap films as
classical fluids. Regarding soap films bounded by a rigid frame oriented such that
the force due to gravity is acting parallel to the film, as seen in Figure 1.8, the water
within the membrane flows along the direction of gravitational acceleration. This is
quite natural as water is often observed to flow downhill, but it is precisely this flow
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Figure 1.8: Mixing a vertically oriented soap film via acoustic agitation to prevent draining influenced
rupture reproduced from the work of Gaulon et al. [47]. Images are approximately 1s apart and the
interior diameter of the bounding cylinder is 26 mm. (a): a film following the draining of the contained
liquid towards the bottom, the film is still spanning the tube, but the black film is too thin to be
imaged. (b): a film in the process of mixing by use of music being played at the other end of the tube
bounding the soap film. (c): a film in the thinning process, note the black film forming at the top.
Following mixing, bands of colors known as Newton’s shades are visible as the thickness of the film
varies from top to bottom.

that leads to the image seen in Figure 1.8(a). As the water drains, the thickness at
the bottom of the film is much larger than that at the top. The black part of the soap
film in Figure 1.8(a) is referred to as black film, or Newton Black film, and it appears
that way because its thickness is less than 100 nm. In Figure 1.8(c), we observe clear
bands of different colors due to the internal refraction of visible light. Each color band
corresponds to a distinct film thickness; the bands are known as Newton’s shades as he
first described the phenomena in Opticks [50]. And so, as the first panel of Figure 1.8
corresponds to the draining of the soap film, and the third to thinning, Figure 1.8(b)
consequently refers to the mixing of a soap film. In the work of Gaulon et al. [47] the
mixing is initiated by acoustic forcing, i.e., playing music into the tube bounding the
soap film. By mixing a soap film, the water within it is redistributed, and the possibil-
ity of rupture due to the film thinning is greatly diminished. The study of film thinning
and longevity includes the work of Champpougny et al. [51] investigating the effects
of humidity, as well as the work of Berg et al. [52] focusing on drainage in microscale
soap films.

Stogin et al. [19] have also shown that liquid membranes can be highly stable; such
soap film membranes act as inverse sieves where small particles can be suspended while
larger particles pass through without breaking the membrane. And the ongoing study
of foams has relied on advancements in understanding the interactions of soap films and
their corresponding boundaries [55–57]. Given that soap films exhibit such robustness,
it is only natural that soap films could be made much larger than a few centimeters.
Figure 1.9 depicts an image of a giant soap bubble from the work of Cohen et al. [7].
Generated atop a soap solution bath, the bubble is almost one meter tall with a radius
10 cm larger than the height. On such length scales, the contribution of the force due
to gravity is no longer negligible. Note that the height of the bubble is smaller than
its horizontal radius. This work shows that soap films and liquid membranes are not
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Figure 1.9: The image is reproduced from the work Cohen et al. [7] showing the potential of large-scale
soap bubbles and the corresponding shapes taken. Here, R = 1.09m, and h0 = 0.97m the thickness
of the film is measured following the bursting technique described by McEntee and Mysels [53] and
e0 ⇡ 0.81µm. Brubaker [54] has further developed the theoretical analysis of large-scale bubbles in
the subsequent work.

restricted to sub-centimeter length scales where the Bond number is sufficiently small.
Figure 1.10 is reproduced from the research of Davies and Raufaste [58] from 2021.

This work studied the orientation of a cube with varying mass suspended within a
soap film. It shows the feasibility of suspensions counteracting the force due to gravity
within a soap film, as well as the potential for self-alignment. The interaction of
a sphere falling through a soap film has also been studied using experimental and
numerical experimentation by Chen et al. [59] as well as Cox and Davies [60].

Figure 1.10: The image is reproduced from the work Davies and Raufaste [58]. While recording
the suspension of a cube within a soap film Davies and Raufaste observed the changing orientations
of cubes with a Bond number less than one. The experimental results correspond to the previous
computational work of Davies [61] on super-quadratic objects suspended within or passing through a
soap film.
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1.3.2 Topological transitions
This thesis focuses on a particular class of soap film geometries, catenoid or catenoid-
like soap films, like those seen in Figure 1.11. The catenoid was the first minimal surface
discovered apart from the plane, described in the 1740s by Leonhard Euler [66]. The
properties and kinematics of catenoids are of paramount importance in a variety of
applications, as seen in research on transport through vesicle walls by Frolov et al. [67],
and studies of vesicle necking by Chabanon and Rangamani [68]. The analysis of static
catenoid-like soap films is an ongoing research direction. In 2021, Alimov et al. [69] ex-
tended previous results regarding mirror-symmetric frames, Figure 1.11(ii), to include
noncircular and asymmetric frames. This thesis corresponds well to the theoretical
predictions and expands the potential geometries to be investigated. Describing the
dynamic behavior of catenoid pinch-off is seen in the work of Robinson and Steen [70]
as well as the recent work of Goldstein et al. [71]. In addition to the pinch-off of a
catenoidal soap film into two disjoint films, more geometrically complex transitions
have also been observed. Goldstein et al. [72] have investigated a soap film represen-
tation of a Möbius strip. Through a smooth deformation of the bounding curve, the
soap film undergoes a topological transition where the initially one-sided film trans-
forms into a two-sided film as depicted in Figure 1.12. Under a continuous deformation
of the bounding curve, a change in the geometry is observed, and Moffatt et al. [73]
quantified this phenomenon. Extending these results, the work of Hutzler et al. [74]
investigated topological transitions of soap films bound by prism geometries. While
the topological transition found in this thesis is of the simplest sort, a pinch-off, it
nonetheless corresponds to a nontrivial change in the surface of the soap film.

(i) (ii)

Figure 1.11: (i) shows the effect of a magnetic field on a soap film generated between two rings, mem-
brane profiles at voltages 0 and 3kV in (a) and (b) respectively. Similar studies have investigated the
effect of an electric field on transport phenomena within a soap film [62, 63]. (ii) contains examples of
soap film bridges between mirror symmetric frames and the corresponding periodic surfaces generated.
Images denoted by (i) and (ii) are reproduced from the work Moulton & Pelesko [64] and Alimov et
al. [65], respectively.
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Figure 1.12: Images A and B are reproduced from the work of Goldstein et al. [72] showing a soap
film representation of a Möbius strip, the scale bar seen in A is 2cm. Through a smooth deformation
of the bounding curve, the soap film seen in A undergoes a topological transition where the initially
one-sided film transforms into a two-sided film seen in B. Extending these results, the work of Hutzler
et al. [74] investigated topological transitions of soap films bound by prism geometries.





Chapter 2

Gravity-mediated self-assembly

In this chapter, consider self-assembly processes that begin by freely distributing two-
dimensional tiles with various polygonal shapes and dimensions ranging from mm to
cm on a soap film that spans a circular ring of radius 5 cm. The assembly mechanism
is the result of gravitational and surface tension forces acting on the tiles at room
temperature and pressure. In contrast to the self-assembly of mesoscale (mm-cm)
structures on liquid-air interfaces that have been demonstrated in the works of Poty et
al. [29], Bowden et al. [30], Hosokawa et al. [33], among others, the method presented
in this chapter does not require that the system be agitated or that the surfaces or
edges of the components be functionalized. The interactions between a soap film and
two-dimensional tiles dispersed and suspended within it yield robust three-dimensional
Platonic solid-like structures. The shape changes that a soap film undergoes as these
structures form are fascinating.

A limiting factor of the assembly method presented in this chapter is that the soap
film carries the weight of the tiles without rupturing. Namely, the cohesive force due to
the surface tension of the soap film must be equal to the net gravitational force acting
on all tiles distributed on the soap film and subsequently self-assemble into a suspended
structure. The shape of a soap film suspended by a circular ring and carrying a self-
assembled structure is challenging to determine. The problem of finding the shape of
a soap film that spans a rigid wireframe, also known as the problem of Plateau [75],
has a rich history within the mathematical study of minimal surfaces. The first proof
of the existence of a minimal surface bounded by a given closed space curve that
does not intersect itself is due to Douglas [76] and resulted in a Fields medal in 1936.
This chapter will not delve into the intricacies of such generalized minimal surfaces;
instead, it will consider a simple ring. The shape of the soap film spanning a ring is
a flat circular disk bounded by the ring. All structures presented in this chapter are
assembled by deposition of tiles onto a planar circular soap film spanning a bounding
ring. A catenoid closely approximates the shape of the soap film following assembly.
Therefore, an axisymmetric model of a ring suspended within a soap film is considered.
The derived model and analysis determine an effective carrying capacity of a soap film.
Experimental results validate the theoretical predictions of soap film deflection by a
suspended ring. Numerical simulations using Surface Evolver [77] are introduced to
show that assembled Platonic solid-like geometries correspond to effective radii within
the axisymmetric model.

17
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Section 1 provides a detailed review of the classical catenoid solution to the minimal
surface problem. The analytical criterion for the existence of a catenoid solution is
compared to predictions based on Surface Evolver simulations as a first confirmation
of the validity of the numerical representation of the soap film. Additionally, the force
due to surface tension acting on a ring of radius less than that of the supporting ring is
determined analytically. It is used to further validate the Surface Evolver simulations.

In Section 2, the classical catenoid solution presented in Section 1 is extended to
derive a closed-form expression for the carrying capacity of a soap film. Using the
calculus of variations, the ordinary differential equation governing the existence of an
axisymmetric minimal surface is reproduced along with an additional nonlinear Neu-
mann condition on the suspended ring. The existence and properties of this generalized
solution are explored.

Section 3 presents the procedure used for soap film experiments conducted in this
research, highlighting its robustness while carefully delineating all significant sources
of error. Experimental results of 3D printed toroidal rings suspended within a soap
film are compared to results from the model presented in Section 2. Lastly, illustrative
examples of the three-dimensional Platonic solid-like structures obtained using the
gravity-mediated method are presented.

In Section 4, Surface Evolver simulations demonstrate that even non-axisymmetric
self-assembled structures closely resemble the theoretical predictions of suspended toroidal
rings. Experimental data agree nicely with the simulation results, and the existence of
an effective radius of such structures is demonstrated.

2.1 Classical catenoid solution

A mathematical description of the catenoid, which is the only minimal surface of revo-
lution besides the plane, was first provided by Euler in 1744 [66]. The study of minimal
surfaces arose naturally in conjunction with the development of the calculus of vari-
ations and was pioneered by Lagrange [78] beginning in 1762. A surface S 2 R3 is
minimal if and only if the mean curvature H satisfies H = 0 at each point of S. This
condition is equivalent to the requirement that, relative to some Cartesian coordinate
system, each point (x, y, z) of S can be represented locally in the form (x, y, f(x, y)),
where f satisfies the second-order elliptic partial-differential equation
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To restrict the necessary conditions for a minimal surface to a surface of revolution,
consider two circular rings, with radii Ri and Ro � Ri, contained in parallel planes
separated by a finite distance and oriented coaxially, as depicted in Figure 2.1. Finding
a minimal surface spanning the rings can be simplified into a one-dimensional problem.
Given a curve between two points contained in the (x, z)-plane of a standard (x, y, z)
Cartesian coordinate system, with associated right-handed orthonormal basis (ı, |,k),
the corresponding surface of revolution is given by a 2⇡ rotation of the curve about the
z-axis. Let (r, z, ✓) denote the cylindrical-polar coordinates of an arbitrary point with
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Figure 2.1: A 3D view of the geometry is shown on the left with x and z axes drawn. In the plane
defined by the axes, the geometry can be represented as a curve, seen on the right. Without loss of
generality, the points defining the boundary are denoted as (Ri,h) and (Ro, 0).

Cartesian coordinates (x, y, z) such that

r =
p

x2 + y2 � 0 and ✓ = arctan
x

y
, (2.1.2)

where the principal branch of the inverse tangent is used to define the angle 0  ✓  2⇡.
Define R as a function of z to denote the red curve seen in Figure 2.1, this function
evaluated at R(0) and R(h) corresponds to the endpoints of the curve at Ro and
Ri, respectively. Figure 2.1 shows a three-dimensional representation of a membrane-
spanning two rings and a corresponding two-dimensional section. Considering a surface
constrained to be axisymmetric, as depicted in Figure 2.1, the local condition (2.1.1)
can be written as

0 = 1 + (R0)2 �RR00 for 0 < z < h. (2.1.3)

The ordinary differential equation (2.1.3) is the axisymmetric minimal surface equation
and can also be found by minimizing the area functional of a surface of revolution. This
equation is to be solved subject to Dirichlet boundary conditions that apply to the two
rings, namely

⇢
Ri = R(h),

Ro = R(0).

(2.1.4)
(2.1.5)

(2.1.3) can be reduced to a first-order ordinary differential equation by applying a
substitution. Following two integrations, a representation for R(z) involving two con-
stants of integration is found. The particular calculations can be found in Appendix
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A.2. Therefore the boundary value problem (2.1.3)–(2.1.5) is equivalent to:
8
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(2.1.7)

(2.1.8)

Focusing on (2.1.7) and (2.1.8), note that C2 can be isolated. The system can be
nondimensionalized by dividing R(z) and z by Ro, where r⇤ = R/Ro and z⇤ = z/Ro.
Evaluating these substitutions gives
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(2.1.9)

(2.1.10)

where R⇤ is a dimensionless radius defined by the ratio of the smaller ring and the larger
ring, and h⇤ is the separation distance along the z-axis divided by the radius of the
larger ring. The nondimensionalization of a catenoidal soap film typically assumes the
radius of the larger ring to be a multiple of the radius of the smaller ring, as described
in the work of Salkin et al. [79]. Throughout this thesis, R⇤ is used to ensure that the
range of the non-dimensional parameter is finite. As C1 is a constant, it is convenient
to introduce c = Ro

p
C1, after which (2.1.10) can be written as

R⇤ =
cosh(ch⇤

� cosh�1 c)

c
. (2.1.11)

Given values of R⇤ and h⇤, c can be determined numerically from (2.1.11) whereby the
solution of the catenoid as a minimal surface of revolution can be fully expressed. Note
that for certain combinations of R⇤ and h⇤, there does not exist a value of c such that
(2.1.11) is satisfied. This issue is taken up in the next section.

2.1.1 Exsistence criterion of catenoidal solutions
The existence of solutions of (2.1.11) given R⇤ and h⇤ is expanded upon in Figure 2.2,
the graph of which shows various contours of (2.1.11) given constant R⇤. The range
of R⇤ is from R⇤ = 0 to R⇤ = 1 due to the chosen non-dimensionalization. For the
derivation of the existence criterion, the maximal value of h⇤ must be found. As such,
consider the consequence of requiring that the derivative of (2.1.11) with respect to c
vanishes.



2.1 Classical catenoid solution 21

0 2 4 6 8 10 12 14
0

0.5

1

1.5

c

h⇤

0.2

0.4

0.6

0.8

1
R⇤

Figure 2.2: Each line represents a value of R⇤ such that (2.1.11) is satisfied. Using this, we can see the
corresponding maximal value of h⇤ for the given R

⇤. This maximal h⇤ is the upper limit of catenoidal
solutions of (2.1.11), for h

⇤ greater than this value, only the Goldschmidt solution exists.
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Given a choice of R⇤ satisfying 0  R⇤
 1, (2.1.11) and (2.1.12) form a system of

two equations for the two unknowns h⇤ and c, given as follows
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(2.1.13)

(2.1.14)

The solution of this system yields the limit of existence of a catenoidal solution to
the axisymmetric minimal surface equation. For R⇤ = 0, the system (2.1.13)–(2.1.14)
cannot be solved, as the range of the hyperbolic cosine does not contain zero. For
R⇤ = 1, the solution h⇤

⇡ 1.32549 is consistent with that found in the works of
Goldschmidt [80], Goldstein et al. [71], Cryer and Steen [81], and Moulton et al. [64],
among others. For 0 < R⇤ < 1, the corresponding maximal values of h⇤, visually
represented in Figure 2.3, are consistent with the recent results found in the work of
Salkin et al. [79].
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Figure 2.3: The dashed curve is the solution of the system given by (2.1.13) and (2.1.14). The system
was numerically solved with Mathematica using the FindRoot method for R⇤

2 [0, 1] with a resolution
of 0.01. Empty circles correspond to Surface Evolver simulations for R⇤ in intervals of 0.1. The critical
h
⇤ value in the simulations is found by incrementing the separation distance between two bounding

rings by 0.005 until a pinch-off is observed. The first value of h
⇤ at which pinch-off is observed is

plotted here. The red region represents combinations of R⇤ and h
⇤ yielding Goldschmidt solutions,

and in blue are pairs for which a catenoid solution exists. The inset images are simulation results for
R

⇤
= 0.5 and h

⇤
= 0.9, 0.95 corresponding to catenoidal and Goldschmidt solutions.

2.1.2 Surface Evolver simulations

This thesis makes extensive use of Surface Evolver, a program developed by Brakke [77]
in 1992 for numerical simulations of soap films and other applications in which surface
energy is of paramount importance. Surface Evolver is a finite element-based energy
minimization framework in which a surface is represented as a simplicial complex.
Where a simplicial complex is defined as a surface that permits a triangulation made
up of vertices, edges, and faces. The catenoid is a classical example used to demonstrate
how the results vary and improve with simplex refinement and iteration. Figure 2.4
shows one possible simulation progression of a catenoid with R⇤ = 0.5 and h⇤ = 0.9;
there, r denotes the number of refinements (namely, the number of times a given face
has been subdivided), and g is the number of iterations taken toward converging to an
energy minimum. Surface Evolver simulations are intrinsically non-dimensional; the
(dimensionless) surface tension is set to unity by default. As such, the bounding ring
in all subsequently discussed simulations has (dimensionless) radius unity.

Surface Evolver allows for topological changes, and so the condition of existence
regarding catenoidal geometries as given by (2.1.13) and (2.1.14) can be verified nu-
merically. Figure 2.3 shows the results of the simulations. The excellent accordance of
the simulation results to predictions derived from the theoretical model indicates that
the numerical scheme implemented with Surface Evolver is well suited to solve minimal
surface problems of this general type.

In addition to the pinch-off criterion, which delimits the existence of catenoidal
solutions, Surface Evolver can be used to calculate the normalized force due to surface
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Figure 2.4: Examples of refinement (r) and iteration (g) operations within a Surface Evolver simulation
of a catenoid where R

⇤
= 0.5 and h

⇤
= 0.9. The geometry shown here is the same as seen in the 3D

representation of Figure 2.1.

tension acting on a boundary. The force due to surface tension is proportional to the
length of the boundary. The remainder of this chapter focuses on the competition
between the force due to gravity and the force due to surface tension. Determining
the force due to surface tension is therefore of essential importance to the proceeding
analysis. Consider the force acting on the lower ring as depicted in Figure 2.1. The
force due to surface tension depends on the circumference of the ring and the angle
at which the soap film meets the ring. Let � denote the angle between the z-axis and
the soap film where z⇤ = h⇤. Thereby, the force due to surface tension acting in the
z-direction is given by F� = 4⇡R⇤� cos�. By the definition of �, its tangent is given
by tan� = dr⇤/dz⇤ at r⇤ = R⇤. The derivative of (2.1.9) with respect to z⇤ evaluated
at z⇤ = h⇤ yields

dr⇤

dz⇤
= tan� = sinh(Ro

p
C1h

⇤
� cosh�1 Ro

p
C1). (2.1.15)

As C1 is, as of yet, undetermined, a corresponding equation relating C1, R⇤, and � is
found by use of an intermediate step of solving (2.1.3). Namely, (A.2.11) of Appendix
A.2 evaluated for r⇤ = R⇤ gives
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p
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Isolating for C1 is straightforward from (2.1.16), resulting in
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Using (2.1.17), (2.1.15) can be written as



24 Gravity-mediated self-assembly

0 0.2 0.4 0.6 0.8 1 1.2 1.4
0

0.2

0.4

0.6

0.8

1

R
⇤
= 0.2

R
⇤
= 0.4

R
⇤
= 0.6

R
⇤
= 0.8

R
⇤
= 1.0

h
⇤

Fz
4⇡�

Figure 2.5: Theory and simulation results of the normalized force due to surface tension acting on the
lower bounding ring of a catenoidal soap film with surface tension �. Solid lines are found by solving
(2.1.18) given R

⇤ and h
⇤ in the appropriate domains, while empty circles denote the simulation results

obtained via Surface Evolver simulations. The corresponding radii are labeled, and the dashed line is
the locus of points corresponding to the maxima obtained for each value of R⇤, calculated by setting
� = 0 in (2.1.18).

sinh�1(tan�) =
h⇤

R⇤ cos�
+ cosh�1

⇣ 1

R⇤ cos�

⌘
. (2.1.18)

Given values of R⇤ and h⇤, (2.1.18) can be solved numerically. The curves in Figure 2.5
are found by fixing R⇤ and computing � for each h⇤ using Mathematica. The points
seen in Figure 2.5 are extracted from Surface Evolver using the v_force() method at
each vertex where the soap film meets the ring of radius R⇤. The force due to surface
tension acting along the z-axis is normalized by the force, per unit length, 4⇡�, exerted
by the soap film on the supporting ring of dimensionless radius unity.

2.2 Variational formulation of a suspended ring

The present section aims to establish a useful estimate for the load-carrying capacity of
a soap film with given surface tension. This goal is achieved by studying a novel variant
of the classical catenoidal soap film that is formulated next. Consider a soap film with
surface tension � that spans a rigid circular ring of radius Ro that is suspended from a
circular ring fixed so that its axis of symmetry is parallel to the direction of the force
due to gravity. Suppose that another rigid circular ring of mass m and radius Ri < Ro

is suspended in the film, and it shares the same axis of symmetry as the ring that
supports the soap film, as shown in Figure 2.6.
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Figure 2.6: Schematic of the axisymmetric geometry in the (r, z) plane, r = 0 is the axis of rotation.
The soap-film membrane is shown in red, while the suspended ring is blue. As h is allowed to vary,
the suspended ring in blue is assumed to remain in the same orientation for multiple values of h.

The shape of the soap film in Figure 2.6 can be represented as a function R of the
vertical coordinate that is defined such that, for a given separation h, R(h) = Ri. The
coordinates are identically defined as in the previous section, but h in this context is
unknown. The relaxation of the constraints on the system results in many fascinating
outcomes.

In principle, the total energy of the system can be written as a sum of the surface
energy of the soap film, the gravitational potential energy of the ring, and the gravi-
tational potential energy of the soap film. However, the total mass of a typical soap
film with thickness ranging from 50 nm to 500 nm suspended from a circular ring of
radius 5 cm ranges from 0.3 mg to 3 mg1. This is between two and three orders of
magnitude smaller than the mass of the suspended rings to be considered. On these
grounds, the mass of the soap film is neglected in the subsequent calculations, and the
total potential energy of the system is taken to be of the form

E(R,h) =

Z l

0

2�(2⇡R)ds�mgh

=

Z h

0

h
4⇡�R

p
1 + (R0)2

i
dz �mgh. (2.2.1)

The function R and the distance h between the supporting and suspending rings are
unknown quantities. For the soap film to be in equilibrium, these quantities must
satisfy the Euler–Lagrange equations of the functional. To derive those equations,
variations R+ ✏⌘ and h+ ✏k are considered for some parameter ✏ ⌧ 1. Consistent with
the Dirichlet boundary condition

R(0) = Ro, (2.2.2)

and the variation ⌘ of R must satisfy

⌘(0) = 0. (2.2.3)

1For a detailed investigation of the effects due to gravity on a soap film spanning a ring, please
refer to Appendix A.1
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A further restriction between the value ⌘(h) of the variation at the suspended ring
and the variation k of the distance separating it from the supporting ring arises on
recognizing that R must satisfy the Dirichlet condition

R(h) = Ri. (2.2.4)

To derive that condition, consider the following expansion of R about z = h:

R(h) = R(h+ ✏k) + ✏⌘(h+ ✏k)

= (R(h) + ✏kR0(h) + ✏2kR00(h) + · · ·) + (✏⌘(h) + ✏2k⌘0(h) + · · ·)

= R(h) + ✏(kR0(h) + ⌘(h)) +O(✏2), (2.2.5)

where the correction term O(✏2) incorporates all contributions involving quadratic and
higher powers of ✏. By (2.2.5), kR0(h) + ⌘(h) = O(✏), from which it follows that the
variations ⌘ and k must satisfy

⌘(h) = �kR0(h). (2.2.6)

Apart from (2.2.3) and (2.2.6), the variations ⌘ and k can be selected arbitrarily.

Let F be defined by

F(✏) = E(R + ✏⌘,h+ ✏k)

=

Z h+✏k

0

h
4⇡�(R + ✏⌘)

p
1 + (R0 + ✏⌘0)2

i
dz �mg(h+ ✏k) (2.2.7)

=

Z h

0

h
4⇡�(R + ✏⌘)

p
1 + (R0 + ✏⌘0)2

i
dz

+

Z h+✏k

h

h
4⇡�(R + ✏⌘)

p
1 + (R0 + ✏⌘0)2

i
dz �mg(h+ ✏k). (2.2.8)

Granted that R and h correspond to a minimum of the potential energy functional
defined in (2.2.1), the Gateaux derivative of F must vanish at ✏ = 0:

dF(✏)

d✏

����
✏=0

= 0. (2.2.9)

Computing the derivative of (2.2.8) with respect to ✏ gives

dF(✏)

d✏
=

Z h

0

"
4⇡�⌘

p
1 + (R0 + ✏⌘0)2 + 4⇡�(r + ✏⌘)
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1 + (R0 + ✏⌘0)2

#
dz

+ k
h
4⇡�(R(h) + ✏⌘(h))

p
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i

+
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h

"
4⇡�⌘

p
1 + (R0 + ✏⌘0)2 + 4⇡�(R + ✏⌘)

⌘0(R0 + ✏⌘0)p
1 + (R0 + ✏⌘0)2

#
dz �mgk,

(2.2.10)
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from which it follows that

dF(✏)

d✏

����
✏=0

=

Z h

0

4⇡�

"
⌘
p

1 + (R0)2 +
RR0⌘0p
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#
dz+k

h
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p
1 + (R0(h))2 �mg

i

(2.2.11)
Applying integration by parts to the second term of the integral on the right-hand side
of (2.2.11) and using the Dirichlet condition (2.2.4) and the constraint (2.2.6) on the
variations ⌘ and k yields

dF(✏)

d✏

����
✏=0

=

Z h

0

4⇡�⌘

"
p

1 + (R0)2 �
d

dz
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p
1 + (R0)2

!#
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"
4⇡�Ri

p
1 + (R0(h))2 �mg �

4⇡�Ri(R0(h))2p
1 + (R0(h))2

#
. (2.2.12)

Using (2.2.12) in the stationarity condition (2.2.9) and invoking the Dirichlet condition
(2.2.4) delivers the first-variation condition for the energy functional (2.2.1) in the form

0 =

Z h

0

4⇡�⌘

"
p

1 + (R0)2 �
d

dz

 
RR0

p
1 + (R0)2

!#
dz
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"
4⇡�Ri

p
1 + (R0(h))2 �mg �

4⇡�Ri(R0(h))2p
1 + (R0(h))2

#
. (2.2.13)

2.2.1 Boundary value problem

First, if ⌘ is compactly supported about an arbitrary point interior to the interval (0,h)
and k = 0, (2.2.13) yields the ordinary differential equation

0 =
p
1 + (R0)2 �

d

dz

 
RR0

p
1 + (R0)2

!
. (2.2.14)

In view of (2.2.14), the first-variation condition (2.2.13) reduces to the requirement
that

0 = k

"
4⇡�Ri

p
1 + (R0(h))2 �mg �

4⇡�Ri(R0(h))2p
1 + (R0(h))2

#
(2.2.15)

hold for all admissible choices of k, from which it follows that

mg

4⇡�Ri
=
p

1 + (R0(h))2 �
(R0(h))2p
1 + (R0(h))2

=
1p

1 + (R0(h))2
. (2.2.16)
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Together, the equilibrium conditions (2.2.14)–(2.2.16) comprise a boundary value prob-
lem for R involving mixed boundary conditions. Namely, an inhomogeneous Dirichlet
condition at the fixed bounding ring and a Neumann condition corresponding to the
suspended ring.
8
>>>>>>>><

>>>>>>>>:

0 =
p

1 + (R0(z))2 �
d

dz

 
R(z)R0(z)p
1 + (R0(z))2

!
, 0 < z < h,

R(0) = Ro,

(R0(h))2 =

✓
4⇡�Ri

mg

◆2
� 1.

(2.2.17)

(2.2.18)

(2.2.19)

2.2.2 Closed form solution

The ordinary differential equation (2.2.17) is the axisymmetric minimal surface equa-
tion. As shown in the previous section and Appendix A.2, the solution to that equation
is

R(z) =
cosh(

p
C1(z + C2))
p
C1

. (2.2.20)

The constants of integration C1 and C2 that enter (2.2.20) are to be determined by
ensuring that (2.2.20) satisfies the boundary conditions (2.2.18) and (2.2.19). Applying
(2.2.18) to (2.2.20) yields C2 in terms of Ro and C1:

C2 =
cosh�1(Ro

p
C1)

p
C1

. (2.2.21)

Next, applying (2.2.19) to the consequence

C1 =
1 + (R0(z))2

R2
i

(2.2.22)

of (2.2.20) determines C1 as

C1 =
1 +R0(h)2

R2
i

=

✓
4⇡�

mg

◆2

. (2.2.23)

Thus, using (2.2.21) and (2.2.23) in (2.2.20) determines R in the form

R(z) =
mg

4⇡�
cosh

✓
4⇡�z

mg
+ cosh�1

✓
4⇡�Ro

mg

◆◆
, 0  z  h. (2.2.24)

Finally, evaluating (2.2.24) at (Ri,h) and solving for h yields a closed-form expression
for the distance h between the supporting and suspending rings:

h =
mg

4⇡�


cosh�1

✓
4⇡�Ri

mg

◆
� cosh�1

✓
4⇡�Ro

mg

◆�
. (2.2.25)
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Figure 2.7: Phase space plot of (2.2.27) in the (R
⇤
,B) plane, with the color representing h

⇤. Each
line represents a combination of B and R

⇤ values such that h
⇤ is constant.

The dimensionless parameter
B =

mg

4⇡�Ri
, (2.2.26)

can be identified as the Bond number of the system. Defining h⇤ = h/Ro and R⇤ =
Ri/Ro as in the treatment of the classical problem for a catenoid. Then, by (2.2.25)
and (2.2.26),

h⇤ = BR⇤
✓
cosh�1 1

B
� cosh�1 1

BR⇤

◆
. (2.2.27)

A contour plot of curves corresponding to constant values of h⇤ in the (R⇤,B)-plane
is presented in Figure 2.7. Notice from (2.2.27) that a condition on the existence of
solutions is

B  1; (2.2.28)

this solvability condition is identical to the requirement that the value of R0(h) found
from (2.2.19) be a real number. This is a natural outcome as the condition that
mg  4⇡�Ri results from force balance at equilibrium along the edge of the suspended
ring.2 The Bond number found in the work of Davies and Raufaste [58] is defined as
Bo = ⇢gr2s/2�. Since the suspended geometry in Figure 2.6 is circular, m/2⇡Ri can be
recognized as the mass density of the suspended ring. The bound of Bo < 1 seen in the
work of Davies and Raufaste [58] is similarly found here. For a given fixed value of R⇤,
as B increases (for example, by increasing the mass density m of the suspended right),
the distance h⇤ between the supporting and suspended rings increases. In Figure 2.8,

2For a detailed derivation of (2.2.27) using the principle of force balance, see to Appendix A.3.
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Figure 2.8: Sections of contour plot in Figure 2.7 given constant values of B.

for a fixed value of B note that there exists a value of R⇤ such that the value of h⇤ is
maximal. This corresponds to varying the radius Ro of the supporting ring while fixing
all other relevant parameters.

Further analysis of (2.2.27) affords a characterization of the local maxima of the
curves seen in Figure 2.8. Consider the consequence of setting the derivative of (2.2.27)
with respect to R⇤ equal to zero, given by

0 =
d

dR⇤


BR⇤

✓
cosh�1

✓
1

B

◆
� cosh�1

✓
1

BR⇤

◆◆
� h⇤

�
,

= B cosh�1

✓
1

B

◆
� B cosh�1

✓
1

BR⇤

◆
+

Bp
1� (R⇤)2

. (2.2.29)

For B = 1, (2.2.29) can be evaluated numerically to show that the red curve shown
in Figure 2.8 has a maximum at R⇤

⇡ 0.55, and that the corresponding value of h⇤ is
approximately 0.66. These values are depicted in Figure 2.9.

Figure 2.10 presents the alternative sections of (2.2.27), exhibiting how h⇤ varies
with B for fixed values of R⇤. Compared to the analogous curves in Figure 2.8, the
curves of constant R⇤ in Figure 2.10 increase monotonically for 0  B  1, with the
consequence that the maximum of each curve is thus found at B = 1. Additionally,
evaluating (2.2.27) at B = 1 yields the same equation governing R⇤ and h⇤ as evaluating
(2.1.18) for � = 0. The limiting value B = 1 of the Bond number corresponds to the
maximal carrying capacity of the system under consideration. It is equivalent to the
maximal force due to surface tension acting on the suspended ring in a catenoidal soap
film geometry.
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2.3 Soap film experiments

2.3.1 Experimental setup and procedure
The experimental setup is depicted in Figure 2.11. It consists of the following compo-
nents:

• An optical breadboard to align all supporting pillars.

• A 3D printed circular frame upon which the soap film is initially generated.

• A light source is located below the circular frame and inclined at a slight angle
to allow imaging of the suspended rings in the soap film and the edge of the soap
film.
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Figure 2.11: Experimental setup of soap film mediated self-assembly. Two pillars fix the support ring
on either side attached to an optical breadboard plate. Two cameras are used for the side and top
views, an iDS microscope camera with a 20 mm focal length lens and a Canon EOS 5Ds R DSLR
with a 65 mm focal length lens, respectively. Corresponding images are seen on the right. A surface
mirror angled at a 45-degree angle is used to enable top-down imaging. And a black curtain is placed
behind the mirror and support pillars to facilitate the imaging using LED white light.

• A mounted camera aligned with the 3D printed circular frame.

• A surface mirror ensures clear images of the self-assembled structures from above.

The soap solution was made in identical fashion to that used by Biria & Fried [82],
using 245 ml of distilled water, 45 ml of Glycerin, and 5 ml of Dawn® dishwashing
liquid. Biria & Fried [82] measured the surface tension of the soap film to be 24 ±

0.1 mN/m and this value was used in all subsequent analyses. The experimental
procedure begins by removing the supporting circular ring from the stand, submerging
the ring in the soap solution, and removing the ring from the soap solution to generate
the soap film. The supporting circular ring is then placed back on the stand, which
has already been calibrated to ensure the soap film is perpendicular to the force due
to gravity. The design of the supporting frame shown in Figure 2.12 was done using
Autodesk Fusion. The previously mentioned calibration step can also be verified after
deposition, namely after pre-wetting a ring or tile, as shown in Figure 2.11, where the
alignment of the suspended tile can be seen from the top view.

The deposition of an object, such as a ring or tile, onto the soap film, must be
done slowly and by ensuring that the object is nearly parallel to the supporting ring
before releasing it. This ensures the soap film stabilizes as soon as possible, reducing
transient phenomena and their effects. The faster the deposition of a ring or tile onto
the membrane, the greater the kinetic energy of the system and, thereby, the greater the
likelihood of film rupture or of the ring or tile passing through the film, as investigated
by Stogin et al. [19].

The use of precision instrumentation for the deposition of rings or tiles is not nec-
essary due to the robustness of the experimental procedure described herein. The
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(a) (b)

Figure 2.12: Using an Ultimaker S5 3D printer equipped with a 0.25 mm nozzle attachment and
Tough PLA plastic as a material, the design shown was realized to directly connect with optical stand
equipment in the lab. The interior radius of the ring is rounded to ensure that the pinning of the
contact line is kept to a minimum.

equilibrium configuration of a soap film with a suspended ring or tile was observed to
be independent of the horizontal position of that ring or tile when deposited on the
soap film. Soap films were generally observed to equilibrate within one minute after
the deposition of a tile up to 1 cm.

The ability to directly integrate the experimental setup into the existing optical
equipment in the laboratory was integral to the consistency and simplicity of the ex-
perimental procedure. The design of the supporting circular frame seen in Figure 2.12
in particular underwent multiple design iterations. Taking into account the size of the
soap solution container, ease of film generation, and ease of calibration resulted in the
design seen in Figure 2.12.

2.3.2 Experimental results for suspended rings
As shown in Figure 2.8, the variation of h⇤ with respect to R⇤ for fixed values of
the Bond number B is approximately quadratic. Additionally, for fixed values of R⇤

Figure 2.7 shows that h⇤ increases monotonically with B. To explore these behaviors
experimentally, four choices of R⇤ were considered, namely R⇤ = 0.2, R⇤ = 0.4, R⇤ =
0.6, and R⇤ = 0.8, for varying values of B achieved by varying the total mass m of
each ring. These choices of R⇤ correspond to Ri = 1 cm, Ri = 2 cm, Ri = 3 cm, and
Ri = 4 cm since all experiments were conducted with a supporting ring a radius of
5 cm.

Each deposited ring was 3D printed from Polylactic Acid, commonly known as PLA,
a type of recycled plastic commonly used in 3D printers. The material used has a mass
density of 1.24 g/cm3. For each choice of the dimensionless radius R⇤, the mass of each
deposited ring was varied by modifying the thickness and annular radius of the ring.
The thickness of the rings is the height when laying on a flat surface, a result of the
printing process used to construct them. The annular radius is the difference between
the outer and inner radii of the ring. The resolution of the 3D printer allowed for
consistent thicknesses of 0.5, 0.75, and 1 mm. Table 2.1 shows the mass of individual
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rings given the corresponding physical characteristics.

Ri = 1 cm
⌧ = 0.5 mm ⌧ = 0.75 mm ⌧ = 1.0 mm

Ar = 2 mm 0.0654 g 0.0948 g 0.1357 g
Ar = 4 mm 0.1098 g 0.1672 g 0.2341 g
Ar = 6 mm 0.1430 g 0.2152 g NA

Ri = 2 cm
⌧ = 0.5 mm ⌧ = 0.75 mm ⌧ = 1.0 mm

Ar = 2 mm 0.1920 g 0.2841 g 0.4057 g
Ar = 4 mm 0.2455 g 0.3725 g 0.5254 g
Ar = 6 mm 0.3103 g 0.4299 g NA

Ri = 3 cm
⌧ = 0.5 mm ⌧ = 0.75 mm ⌧ = 1.0 mm

Ar = 2 mm 0.1916 g 0.2920 g NA
Ar = 4 mm 0.3894 g 0.5673 g NA
Ar = 6 mm 0.5757 g 0.8131 g NA

Ri = 4 cm
⌧ = 0.5 mm ⌧ = 0.75 mm ⌧ = 1.0 mm

Ar = 2 mm 0.2724 g 0.3871 g 0.5727 g
Ar = 4 mm 0.5300 g 0.7538 g 0.8573 g
Ar = 6 mm 0.7753 g NA 1.1249 g

Table 2.1: Individual mass of 3D printed rings used in the experimental verification of the proposed
theory in Section 2.2.2. The annular radius Ar is the difference between the exterior, Ri, and the
interior radius of a particular ring. As all rings were 3D printed, each ring has a height or thickness
compared to the print surface; ⌧ is this thickness of the ring with respect to the z-axis.

From (2.2.29) it is known that for values of R⇤ that are sufficiently close to 0.55, the
distance h⇤ between the fixed and suspended rings is maximized as the Bond number
B approaches unity. Under these experimental conditions, the axisymmetric assump-
tions of the model presented often fail as the system tends to prefer an equilibrium
configuration in which the suspended ring is tilted relative to the fixed ring. Goldstein
et al. [83] investigated the inherent instability of a gravity current within a catenoid
with a secondary film at its narrowest point. The observed flow into the lower half of
the catenoid was not found to be symmetric; as such, in their experiments, the induced
net force acting on the lower ring would be non-zero. In the suspended ring system
considered here, the asymmetry of the force balance on the lower ring leads to an in-
stability; as the flow found in the soap film reaches the suspended ring, its effective
mass is no longer evenly distributed along the boundary where the soap film meets
the ring. Consequently, the equilibrium orientation of the ring is not parallel to the
supporting ring. A sequence of three images provided in Figure 2.13 show how this
instability proceeds over time.
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(a)

(b)

(c)

Figure 2.13: The instability of a suspended ring is shown, the radius of the ring is 2 cm, thickness of
1 mm, and mass is 0.406 g. Therefore the Bond number is B = 0.66 and R

⇤
= 0.4. The instability

leading to a rotation is hypothesized to be influenced by asymmetric gravity currents within the soap
film, as shown by Goldstein et al. [83], air currents in the surrounding environment, and manufacturing
defects. The time between images is approximately 2 s, but the rotation speed was noted to vary.

The suspended ring also rotates about its axis of symmetry during the instability
described above. This is likely due to the asymmetry leading to the sloped orientation.
A feedback loop of sorts can be hypothesized, whereby the gravity current leads to
a slanted suspended ring that, in turn, changes the flow within the soap film. The
rotation is not observed consistently; the rotation speed varies with environmental
conditions and is even intermittent within the same experiment. The ambient airflow
surrounding the soap film is likely to be a contributing factor along with potential
manufacturing defects.

Figure 2.14 contains the experimental results of 31 distinct combinations of R⇤ and
B. Extending the corresponding curves seen in Figure 2.10 to regions, the shaded areas
bounded by the corresponding curves were done to account for errors stemming from
the experimental setup. Error bars account for the potential change in the equilibrium
value of h⇤ over five minutes. The flow induced in the soap film by both drainage and
gravity currents affects the total mass concentrated on the suspended ring. In addition,
the exact contact line of the soap film and the supporting frame cannot be directly
measured; Alimov et al. [65, 69] recorded this as the major source of error in their soap
film experiments. These two sources of error are accounted for in the shaded regions
shown in Figure 2.14. The images in Figure 2.13 and Figure 2.14 present the soap film
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as a red membrane; this is due to the color of the supporting frame and suspended ring.
Diffuse white light was used to collect images from experiments; the internal reflection
of light results in the distinctive color shown. Although the geometry differs from
standard soap film experiments designed to explore drainage and thinning, Figure 2.13
and Figure 2.14 exhibit the characteristic bands of a thinning soap film. [51, 52, 84]
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Figure 2.14: Experimental correspondence to the predictions seen in Figure 2.10. The regions seen
are bounded below by the solution of (2.2.27) for each given value of R⇤ and above by an identical
curve determined by a 7% increase in B to account for the mass of the soap film as well as other
manufacturing errors. The error bars represent the maximal and minimal h⇤ measured over 5 minutes.
The soap solution was made in an identical fashion to that used by Biria and Fried [82] with the surface
tension determined to be 24± 0.1 mN/m. The rings on the right correspond to each of the test radii;
the rings with radii of 2 and 4 cm have a thickness of 0.5 mm, the ring of radius 3 cm is 0.75 mm

thick, and the ring of radius 1 cm is 1 mm thick.



2.3 Soap film experiments 37

2.3.3 Platonic solid assemblies

Building upon the experiments of rings suspended within a soap film, self-assembled
structures formed by multiple tiles of various shapes are considered. The initial depo-
sition of the tiles onto the soap film is carried out similarly to the procedure outlined
in the previous section. To prevent the supporting soap film from rupturing on ini-
tial contact, each tile is first wetted with the same soap solution used to make the
supporting soap film. Each tile should also intersect the soap film before release, and
the release point should be as close to the center of the film as possible to minimize
rotations and other instabilities. After the deposition of the first tile, the subsequent
tiles should be released in a similar fashion close to the already freely dispersed tiles.
Figure 2.15 provides a detailed visualization of the process of depositing square tiles in
three colors to better illustrate the alignment and deposition process.

Following the release of the third tile, after Figure 2.15(c), the three squares snap
into place and align into a cubic geometry as seen in Figure 2.16. This cubic structure
is assembled without external influence.

The Bond number B defined in (2.2.26) is relevant as it allows the prediction
of the maximum mass that can be supported. If the circumradius of the projected
hexagon shown in the left-hand column of Figure 2.16 is approximately 1.6 cm. Setting
Ri ⇡ 1.6 cm and solving for B = 1, given that � = 0.024 N/m, it is found that the
maximum mass that can be supported by the soap film is 0.492 g. As the total mass
of the three square tiles combined is 0.3618 g, the cubic assembly is expected to be
supported. The deviation of the cubic geometry from the model stems from the fact
that the boundary where the tiles meet the soap film is non-planar. A circle cannot
easily approximate the skew-hexagonal boundary of that self-assembled structure; the
model derived for axisymmetric geometries can be used to obtain a minimal value of
Ri and, consequently, a minimum value of R⇤. Using the value of R⇤ obtained and
setting B = 1, the value of h⇤ can also be found. This can be verified by inspection
from Figure 2.9, from which it is evident that for B = 1, there exist at most two
values of R⇤ which yield identical values of h⇤. The smaller of these two choices of R⇤

corresponds to what is depicted in Figure 2.16.
Figure 2.17 shows five Platonic solid-like structures assembled using the gravity-

mediated approach. The geometries seen comprise regular polygons; this minimizes the

(a) (b) (c)

Figure 2.15: Deposition of square tiles onto a soap film. From left to right, (a) shows the instant
prior to the deposition of the second tile, (b) the instant prior to the third tile coming into contact
with the soap film, and (c) shows the third tile in contact with the soap film but still held in place
by the tweezers. The alignment of the red and black tiles in (b) and (c) is what we refer to as
edge-to-edge alignment. Please refer to Movie 1, or go to the URL: https://www.dropbox.com/s/
mvdacrnojahnwiv/Movie_1.mp4?dl=0 for a detailed view of the process.

https://www.dropbox.com/s/mvdacrnojahnwiv/Movie_1.mp4?dl=0
https://www.dropbox.com/s/mvdacrnojahnwiv/Movie_1.mp4?dl=0
https://www.dropbox.com/s/mvdacrnojahnwiv/Movie_1.mp4?dl=0
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Figure 2.16: Detailed views of a suspended cubic geometry with white, black, and red squares of
2 cm side-length. While the suspended structures reach equilibrium with respect to the z-axis, the
possible rotation of such structures due to environmental effects is observed here. Movie 1 shows the
deposition and rotation seen here. The red dotted line corresponds to the solution of (2.2.27) given
the mass of the supported structure (m = 0.3618 g). Generally, both B and R

⇤ are necessary to find
h
⇤, but assuming that B = 1, the value of R⇤ can be calculated given the other parameters. Solving

B = 1 given the mass mentioned results in Ri = 1.177 cm, equivalently R
⇤
= 0.2354 shown in the

left column, which is smaller than the circumradius of the projected hexagon seen in the left-hand
column. Setting B = 1 is equivalent to finding the minimal R⇤ that can support a given mass. And
the h

⇤ shown in the right column is the deflection corresponding to a ring of the given radius when
B = 1.

potential misalignment of the tiles. While the assemblies are sensitive to the deposition
of the tiles, the self-assembled structures are stable with respect to small perturbations.
The average mass of the red triangles used in Figure 2.17 is 0.0581 g, meaning that
the mass of the tetrahedral structure is 0.1743 g, that of the octahedral structure is
0.2324 g, and that of the icosahedron being 0.2905 g. The red squares used to assemble
the cubic geometry have an average mass of 0.1191 g corresponding to a total mass of
the assembly being 0.3573 cm. Lastly, the pentagons have an average mass of 0.1035 g,
corresponding to a total mass of 0.3105 g for the dodecahedral assembly.
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Figure 2.17: Simultaneous top and side views of self-assembled gravity-mediated structures. (a)-(e)
each contains sections of tetrahedral, cubic, octahedral, icosahedral, and dodecahedral geometries.
The triangular and square tiles have 2 cm edge lengths while the pentagonal tiles in (e) have edge
length 1.5 cm. The empty interiors allow for more control of the mass suspended in the soap film as
well as clearer images.
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2.4 Surface Evolver simulations of non-axisymmetric

geometries

It was noted that Surface Evolver could be used to compute the force that a soap film
exerts on a solid boundary. In Section 2.1.2, the axisymmetry of the system allows for
the construction of analytical solutions that can be used to confirm the accuracy of
such computational results. For configurations such as those presented in Figure 2.16,
the lower boundary of the soap film is non-planar; as such, a complete analytical rep-
resentation of the system cannot be reduced to a one-dimensional problem. Therefore,
numerical methods are necessary to determine the forces the soap film exerts on geo-
metrically complex self-assembled structures. Surface Evolver is well adapted to that
task.

Figure 2.18 shows the normalized force due to surface tension acting on a suspended
structure with a cubic geometry for a range of values of the distance h⇤ between the
supporting ring and the suspended structure. As with the Surface Evolver simulations
for a suspended ring, Figure 2.5, the (dimensionless) radius of the supporting ring is set
to unity in the simulations. The z-component of the force due to surface tension that is
determined from the simulations is normalized by 4⇡�, which, due to the normalization,
corresponds to the force that the soap film exerts on the supporting ring.

Figure 2.18 shows that Surface Evolver simulations can be used to predict not only
the mass of a cubic assembly for a target value h⇤ but also the maximum mass of
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Figure 2.18: Simulation results of the normalized force due to surface tension acting on a cubic
assembly. The curves corresponding to rings of radius R⇤

= 0.2, 0.4 are replicated from Figure 2.5 for
reference, as is the dashed line. The inset image corresponds to the respective data point. The red
dashed line in the inset image indicates the point from which h

⇤ is measured. The square data point
corresponds to the force due to gravity acting on the cubic assembly normalized in the same fashion.
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a cubic assembly that can be supported by a soap film with surface tension �. For
the presented case of square tiles of side length 2 cm and a supporting ring of radius
5 cm, the maximum mass that a film with surface tension � = 0.024 N/m can support
is 0.452 g. Also noteworthy is that the curve corresponding to the simulations very
closely resembles those presented in Figure 2.5. This implies that even for nonplanar
soap film-structure boundaries, there exists an approximate radius for which the force
due to surface tension is comparable to the simulation results, as the value of h⇤

varies. Additionally, the dashed line in Figure 2.18 intersects the blue curve close to its
maximum. Section 2.1.2 details that the dashed curve corresponds to the maximal force
due to surface tension that can be exerted on a ring of a given radius; this corresponds
to solving (2.1.18) for � = 0. The dashed line is thereby the locus of local maxima
of the curves seen in Figure 2.5 for all permissible values of R⇤. Even for the cubic
assembly simulations, this analytical prediction for the maximal force exerted by the
soap film holds.

Figure 2.19 shows three additional simulations corresponding to tetrahedral, octa-
hedral, and icosahedral gravity-mediated assemblies. Similar conclusions can be drawn
regarding these assemblies, as shown for the cubic geometry. Notably, for the three
structures depicted in Figure 2.19, the displacement h⇤ is more easily recognized in the
experimental images as the boundary of the soap film, and the structure is confined
to a plane. The boundaries where the soap film meets the tiles are given by an equi-
lateral triangle, square, and pentagon for the tetrahedral, octahedral, and icosahedral
structures, respectively. This observation facilitates the idea that an effective radius
more easily approximates these structures as compared to the soap film boundary of
the cubic assembly.
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Figure 2.19: Simulation results of the normalized force due to surface tension acting on tetrahedral,
octahedral, and icosahedral assemblies. The curve corresponding to a ring of radius R

⇤
= 0.4 is

replicated from Figure 2.5 for reference. Each inset image corresponds to the respective data point
along the simulation curves. In contrast, the simulations seen at the termination points of the curves
correspond to the displacement h⇤ for which the force due to surface tension is maximized. Note that
the value of h⇤ for which the force due to surface tension is maximized approximately coincides with
the dotted line (calculated by setting � = 0 in (2.1.18), or B = 1 in (2.2.27)).



Chapter 3

Displacement-driven self-assembly

The balance of surface forces and the force due to gravity can be seen as walking a
tightrope. The more components are deposited onto the soap film, the total mass (B)
increases, as does the effective radius (R⇤); thereby, the possible assemblies are limited
in size and complexity. For the construction of free-standing, detached assemblies, the
system is constrained by introducing a base. Compared to the suspended ring ideal-
ization depicted in Figure 2.6, the separation distance h (and h⇤) is now a parameter
of the system. The basis of the assembly method presented in this chapter is predi-
cated on the classical analysis of catenoidal soap films. Section 2.1 describes a pair of
parallel axisymmetric rings where the smaller ring has a single degree of freedom in
the z-axis; as the separation between the two rings increases, the shape of the soap
film spanning the rings is continuously deformed up to the point at which a catenoid
solution no longer exists. If the maximal separation distance between two rings for
which a catenoidal solution exists is exceeded, the solutions found are known as Gold-
schmidt solutions [80]. Beyond the critical separation distance, the soap film spans
each of the rings independently. As the separation of the two rings is increased to
reach Goldschmidt solutions, a pinch-off phenomenon occurs. This topological transi-
tion has been well studied both experimentally and analytically. Applications range
from vesicle permeability demonstrated by Frolov et al. [85], to foam formation as in-
vestigated by Chen et al. [59]. Combining the pinch-off phenomena with the alignment
and self-assembly properties of a soap film demonstrated in Chapter 2, free-standing
structures are realized through displacement-driven methods.

In Section 1 of this chapter, a brief description of the experimental setup is pre-
sented. A figure detailing the differences compared to the setup used in Chapter 2 is
depicted, and an example of an assembled cubic structure is shown. The procedure of
depositing the tiles is identical to that described in Section 2.3.

In Section 2, open prismatic structures are described. The realized structures are
detailed as follows: 12 prism structures with triangular, square, pentagonal, and hexag-
onal bases were constructed with heights of 20 mm and 25 mm. A one-dimensional
model based on the torque balance of an individual tile is presented and compared
to experimental data. The experimental results of tile angles appear to demonstrate
a transition, whereby for small base displacements d⇤, the proposed theoretical model
well approximates the experimental data, but as d⇤ increases, the angle of an individual
tile can be approximated by a modified model corresponding to a masses tile. As this

43
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transition is likely due to the interactions between tiles, numerical simulations using
surface evolver are also carried out. The numerical simulations show excellent accor-
dance with the experimental results for a range of Bond numbers. Once the tiles of a
prismatic assembly align and are perpendicular to the base upon which they rest, an
additional increment of the displacement, d⇤, is observed prior to the initiation of soap
film pinch-off. The pinch-off distances observed in the prismatic experiments compared
to the theoretical predictions of catenoidal soap film existence limits from Section 2.1.1
are nearly identical when an effective radius of the prismatic structure is implemented.
The proposed effective radius is further confirmed to be a robust prediction method
by numerically verifying the behavior using Surface Evolver. Lastly, a discussion of
assembly reversibility is presented and characterized.

In Section 3, pyramidal structures are discussed. Similar to the previous section, an
effective radius is proposed and used to compare the experimentally observed pinch-off
distances to the catenoidal model derived in Section 2.1.1. The discussion of assem-
bly reversibility is expanded upon as the pyramidal structures exhibit more dynamic
phenomena.

Section 4 provides a discussion of additional geometries assembled using the displacement-
driven method. Closed prismatic structures with an additional tile on top are presented.
Combinations of prismatic and pyramidal structures are shown, along with octahedral
examples.

Lastly, Section 5 explores the possibility of self-folding as a subset of the displacement-
driven assembly method presented in earlier sections. Two representative structures
are shown: an open cube and an open octahedron. Square and triangular tiles with
edge lengths of 2 cm were arranged into 2D nets of the corresponding structures, and
adjacent edges are connected by the use of 35 µm thick tape on only one side to allow
for the tape to act as a hinge. The nets are then pulled through a soap film generated
on the same 5 cm radius ring. Two orientations are shown, where the structures are
pulled upwards in the opposite direction compared to the force due to gravity and per-
pendicularly to the force due to gravity. These experiments provide multiple potential
avenues for future work as the self-folded structures can be folded independently of the
gravitational acceleration and the possibility for more intricate geometries is realized.

3.1 Experimental setup

To construct free-standing structures, as seen in Figure 3.1, a pre-wetted base is raised
until it is coplanar to the supporting ring. The designs of the bases are depicted in
Figure 3.2 by use of the computer-aided design (CAD) software Autodesk Fusion. The
following step in the procedure is that the base is slightly lowered such that the cross-
section of the soap film is a catenary-like curve. Then, the pre-wetted 3D printed tiles
are deposited onto the membrane by hand. Lastly, the base is lowered until the soap
film membrane pinches off into two disjoint parts. The supporting structures, cameras,
and their arrangement are identical to those described in Section 2.3.
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Figure 3.1: Experimental setup for displacement driven assemblies. A potential soap film configuration
during an experiment is shown. The soap film is represented by the dotted red curves and the assembly
by the solid black, grey, and dark red lines. The camera hardware and alignment are identical to those
used in Section 3 of Chapter 2. The addition of a base is the only difference in the experimental setup.
The 3D printed bases are directly coupled to a shaft with an M6 screw at the top. The shaft fits
within a manual linear actuator that allows the shaft to slide up and down smoothly. There is also a
screw lock within the actuator so that the shaft can be fixed in place while images are being recorded.
The posts and linear actuator are attached directly to the optical breadboard below to ensure the
base is centered with the ring supporting the soap film.

(A) (B)

Figure 3.2: Using an Ultimaker S5 3D printer equipped with a 0.25mm nozzle attachment and Tough
PLA plastic as a material, the base designs shown were made to directly connect with optical stand
equipment in the lab. Edge lengths of 20 and 25 mm were made, and the inner hole is threaded to
match the M6 screws typical of optical equipment. (A) and (B) show top and orthographic views,
respectively.
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3.2 Open prismatic structures

The first type of assembled structures detailed in this chapter are prismatic, built
atop a base, enclosing the space above the corresponding polygonal base. Figure 3.3
shows four such assemblies with varying base geometry. Similarly to building a house,
first, the walls must be raised. Figure 3.3 shows the initial configuration, followed
by the process of bringing the tiles together. Figure 3.12 contains four examples of
the final constructions from the corresponding initial states. Figure 3.12 shows a soap
film spanning the tiles following the process depicted in Figure 3.3. As a catenoidal
soap film pinches off, two disjoint films result. The pinch-off process of a catenoidal
soap film has been investigated by Chen and Steen [86] numerically in 1997 and more
recently by Goldstein et al. [71] analytically in 2021. In the context of displacement-
driven assemblies, the pinch-off of the soap film results in one film returning to span
the supporting ring while the other is trapped by the tiles making up the assembled
structure.
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Figure 3.3: Self-assembly of prismatic structures with triangular, square, pentagonal, and hexagonal
bases of 20 mm side width. The rectangular faces are of 25 mm height. Column (a1)–(d1) is a top
view of the components’ initial arrangements prior to the base displacement initiation. From columns
2 to 3, the lower bounding curve of the soap film exhibits a qualitative change as the components snap
together. Column (a4)–(d4) shows the catenoid-like shape of the soap film immediately prior to the
onset of instability. Small imperfections occur as tiles’ initial deposition can lead to misalignment in
the final construction. The final construction is stable for small deviations unless the misalignment is
on the order of multiple millimeters. The snapping phenomena seen in column (a3)–(d3) may lead to
collapse. Appendix B contains additional images of prismatic assemblies.
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3.2.1 Transient tile angle prior to prismatic assembly

Considering the equilibrium position of the rectangular tiles seen in column 2 of Fig-
ure 3.3, there exists a range of base displacements for which the angle of an individual
tile varies continuously with the imposed displacement until reaching ⇡/2, as seen in
column 3 of the same figure. In this section, a one-dimensional model of this tran-
sient behavior will be presented in conjunction with simulation results of the entire
self-assembly process obtained using Surface Evolver. The parameters needed to find
the equilibrium angle of a tile are: the shape of the base, the length and width of the
tiles, and the size of the supporting ring. Figure 3.4 depicts a skew perspective of a
potential configuration as well as a section along the x-z axes. The x and z axes are
used to provide reference to the two-dimensional projection seen on the right panel of
Figure 3.4. The operative assumptions are that: the tile is attached to the base via a
frictionless hinge and that the soap film that connects the tile to the supporting frame
can be represented by a catenary curve in the plane defined by the axes x and z. Like
the angle introduced in Section 1 of Chapter 2, the angle � in Figure 3.4 is determined
by the angle between the soap film and the z-axis at the point where the soap film
meets the tile. The angle of a tile as it deflects away from the plane containing the
base is denoted by ✓. Since the tile is fixed along one edge, the torques Tg and T� that
gravity and surface tension exert on the tile must be balanced in equilibrium. For a
tile of mass m and a soap film with surface tension �, these torques depend on the
angles � and ✓ according to

Tg =
Lmg cos ✓

2
, T� = 2Lw� cos(✓ + �). (3.2.1)
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Figure 3.4: Schematic of the two-dimensional approximation of a tile resting on a square base while
supported by a soap film. The soap-film membrane is shown in red, the base in blue, and the tile of
length L and width w in black. The coordinate system is centered at the origin as denoted by O, with
the positive z axis downward and the x axis to the right. The force due to gravity is acting along the
positive z axis. All other relevant lengths and angles are labeled within the (x, z)-plane shown on the
right-hand panel.
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The equilibrium condition Tg = T� can therefore be expressed as

mg

4w�
=

cos(�+ ✓)

cos ✓
. (3.2.2)

The left-hand side of (3.2.2) can be recognized as the Bond number Bt of the system.
Experimentally ✓ is observed to obey

�
⇡

6
. ✓ . ⇡

2
. (3.2.3)

If ✓ is treated as a given quantity, the right-hand side of (3.2.2) is a function of only �
and has a unique maximum within its allowable range. The maximum can be found by
setting the derivative of (3.2.2) with respect to � equal to zero, giving sin(� + ✓) = 0
or, equivalently,

� = �✓. (3.2.4)

Evaluating (3.2.2) for ✓ = �⇡/3 and � = ⇡/3 results in Bt = 1.1547. This is the
maximal value of Bt for observable angles ✓ � �⇡/3, interestingly taking ✓ � 0 results
in a maximal Bond number of one. Therefore, the subsequent analysis for the transient
tile angles shares the Bond number regime for gravity-mediated assemblies described
in Chapter 2. More generally, (3.2.2) affords the following relation for � in terms of Bt

and ✓:
� = cos�1(Bt cos ✓)� ✓. (3.2.5)

Note that � as indicated in Figure 3.4 is identically defined in Chapter 2. Let f be
a function of the z coordinate representing the red curve depicted in Figure 3.4. The
endpoints of the red curve depicted in Figure 3.4 are (R+L cos ✓, d�L sin ✓) and (Ro, 0).
The assumption underlying the torque balance is that the intersection of the film with
the quarter plane {(x, z) : x � 0, z � 0}, depicted as the red curve in Figure 3.4, is
a catenary curve between the two endpoints. Under this assumption, the function f
representing the red curve is given by

8
>>>>>>>><

>>>>>>>>:

f(z) =
cosh(

p
C1(z + C2))
p
C1

0  z  d� L sin ✓.

C1 =
1 + f 0(d� L sin ✓)2

(Ri + L cos ✓)2
,

C2 =
cosh�1(Ro

p
C1)

p
C1

.

(3.2.6)

(3.2.7)

(3.2.8)

The difference between (3.2.6) and (2.2.20) is in its domain of definition, which accounts
for the angle ✓ at which the tile is inclined. C2 can be written in terms of C1, and C1

can be written in terms of f 0, as shown in Section 2.2.2 and Appendix A.2. By the
definition of � and f , f 0(d � L sin ✓) = tan�. Using this relation and (3.2.5), (3.2.7)
can be written as

C1 =
1

cos[cos�1(Bt cos ✓)� ✓]2
1

(Ri + L cos ✓)2
. (3.2.9)
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Using (3.2.8) and (3.2.9), (3.2.6) can be written in terms of Ri, Ro, L, Bt, and ✓.
Once again, each length is divided by the radius Ro of the supporting ring to yield a
corresponding dimensionless quantity. Nondimensional parameters are denoted with a
superscript asterisk, and g is defined by

g(Bt, ✓) = cos[cos�1(Bt cos ✓)� ✓], 0  Bt  1.1547, �
⇡

6
 ✓ 

⇡

2
. (3.2.10)

Thus, the nondimensional closed-form solution of (3.2.6) is given by

f ⇤(z⇤) =
cosh(

p
C1(z⇤ + C2))
p
C1

= (R⇤ + L⇤ cos ✓)g(Bt, ✓) cosh


z⇤

(R⇤ + L⇤ cos ✓)g(Bt, ✓)

+ cosh�1

✓
1

(R⇤ + L⇤ cos ✓)g(Bt, ✓)

◆�
. (3.2.11)

where f ⇤ is the dimensionless displacement of the base from the supporting ring,
g(Bt, ✓) is a function of the Bond number Bt and ✓, R⇤ is the dimensionless radius
of the supporting base, L⇤ is the dimensionless length of the tile, and ✓ is the angle
between the tile and the plane containing the base. The Bond number is given by
Bt = mg/4w�, where: m is the mass of the tile, g is the acceleration due to gravity,
w is the width of the tile, and � is the surface tension of the soap film. An additional
boundary condition is that f evaluated at the junction of the tile and the soap film
must satisfy

f(d⇤ � L⇤ sin ✓) = R⇤ + L⇤ cos ✓. (3.2.12)

Thus, by (3.2.11) and (3.2.12) an expression for the unknown ✓ is given by

R⇤ + L⇤ cos ✓ = (R⇤ + L⇤ cos ✓)g(Bt, ✓) cosh


d⇤ � L⇤ sin ✓

(R⇤ + L⇤ cos ✓)g(Bt, ✓)

+ cosh�1

✓
1

(R⇤ + L⇤ cos ✓)g(Bt, ✓)

◆�
.

(3.2.13)

(3.2.13) can be rearranged and simplified such that d⇤ is written in terms of the other
parameters as follows,

d⇤ = (R⇤ + L⇤ cos ✓)g(Bt, ✓)
h
cosh�1

✓
1

g(Bt, ✓)

◆
� cosh�1

✓
1

(R⇤ + L⇤ cos ✓)g(Bt, ✓)

◆i

+ L⇤ sin ✓.
(3.2.14)

Figure 3.5 shows two contour plots relating to the solution of (3.2.13) for two base
geometries given fixed R⇤. Each curve in Figure 3.5 corresponds to a fixed value of
✓; (3.2.14) can be used to obtain d⇤ as a function of L⇤ for fixed R⇤, Bt, and ✓. To
compare the theoretical predictions to the experimental results, sections of the contour
plots are taken for fixed values of L⇤. Figure 3.6 and Figure 3.7 show two such sections
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Figure 3.5: Contour Plots of (3.2.13) given physically relevant parameters. Here the mass of the tile
is 0.05 g, the length and width of the tile are both 2 cm, and the surface tension of the soap film is
0.024 mN/m, which corresponds to a Bond number of Bt = 0.51. The radius of the base is R

⇤
= 0.2

for the square base and R
⇤
= 0.34641 for the hexagonal base. The calculations were carried out using

Mathematica.

for the case in which the tiles are square with a side length of 2 cm Both figures
afford comparisons between the experimental results and the proposed model after the
appropriate image analysis. Figure 3.6 depicts the experiments using square tiles with
an average mass of 0.0577 g. Equivalently, Figure 3.7 depicts experimental results for
tiles with an average mass of 0.1704 g.
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Figure 3.6: Solutions of (3.2.14) corresponding to experiments conducted with square tiles of thickness
0.5 mm and an average mass of 0.0577 g. The lower bounding curve of the shaded regions corresponds
to a Bond number of Bt = 0.3 while the upper bounding curve corresponds to Bt = 0. The Bt = 0

curves are presented to show the expected angles of massless tiles, where surface forces dominate.
For d

⇤
< 0.4, the experimental results closely follow the theoretical prediction of the nonzero Bond

number. While for 0.4 < d
⇤
< 0.7, the Bt = 0 solution appears to better approximate the results.

And for ✓ > ⇡/3 the theoretical predictions deviate from the observed angles. Each base is a regular
polygon with side length 2 cm, corresponding to a different R

⇤, as labeled. The tiles are all squares
of side length 2 cm, meaning that L

⇤
= 0.4 for all plots.
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Figure 3.7: Solutions of (3.2.14) corresponding to experiments conducted with square tiles of thickness
1 mm and an average mass of 0.1704 g. Again, the theoretical prediction corresponding to Bt = 0.87

is compared to a masses tile prediction given by Bt = 0. Similarly to the accordance found in
Figure 3.6, as d

⇤ increases, the experimental results appear to be better approximated by the Bt = 0

curve. The implications are that as d
⇤, and consequently ✓, increase, the interactions between tiles

become dominant, and the effects of the force due to gravity diminish. Each base is a regular polygon
with side length 2 cm, corresponding to a different R

⇤, as labeled. The tiles are all squares of side
length 2 cm, meaning that L

⇤
= 0.4 for all plots. The experiments corresponding to the hexagonal

base only contain three tiles to ensure the clarity of the angle.
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As depicted in Figure 3.6 and Figure 3.7, the proposed model does not accurately
represent the experimental data for all values of d⇤. To better understand the effects
of the neighboring tiles on the equilibrium transient angle of an individual tile, Surface
Evolver is used to implement a numerical scheme. Instead of directly coupling the
force due to gravity and the force due to surface tension within Surface Evolver, each
is calculated independently. Note that the force due to gravity is easily calculated
from (3.2.1), given the relevant physical parameters and the angle ✓. Focusing on the
force due to surface tension, a similar method to that used in Chapter 2 is proposed.
Consider explicitly calculating the force, equivalently the torque, acting on each vertex
that is a part of the "tile" within the Surface Evolver simulations. The force due to
surface tension is calculated using the v_force() method identically as in Section 2.4
except that two variables instead of one must be changed, within appropriate ranges,
both the displacement d⇤ and the angle ✓ must be varied. Figure 3.8 shows nine
combinations of d⇤ and ✓ for which the torque due to surface tension was calculated.
The torque due to surface tension is considered positive if the induced rotation of the
tile is counterclockwise for the tile intersecting the x–z plane given by the two grey
lines in each simulation depicted in Figure 3.8. Note that the torque due to surface
tension can be negative, as calculated from the simulation in Figure 3.8 corresponding
to d⇤ = 0.7 and ✓ = 1.5.

The Surface Evolver simulations were conducted by first fixing the displacement
d⇤ and then calculating the torque due to surface tension for multiple values of ✓.
Figure 3.9 shows the results of these simulations. The curves corresponding to eight
displacement values illustrate the numerical scheme. The curves representing the force

d
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✓ = ⇡/6 ✓ = 3⇡/12 ✓ = ⇡/3

✓ = ⇡/3 ✓ = 5⇡/12 ✓ = 1.5

Figure 3.8: Without coupling the force due to gravity and the force due to surface tension acting on a
tile within the prismatic assemblies, the entire range of potential displacements d⇤ and angles ✓ can be
explored using Surface Evolver. Nine such combinations are shown to illustrate the simulations that
were conducted. The force acting on the tile at each vertex can be calculated, similarly to the process
described in Chapter 2; thereby, the torque acting on the tile can be found. The grey lines are the
same x and z axes seen in Figure 3.4, and the black square is the base from which the displacement
d
⇤ is measured.
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Figure 3.9: The torque due to surface tension acting on a tile is calculated as described in Figure 3.8.
The torque TN is normalized by max(Bt)4w�, or equivalently the maximal torque due to gravity
given the maximal mass of a tile calculated by use of (3.2.2). Each curve denoted by d

⇤
= 0.05, 0.35,

and 0.75 corresponds to a particular displacement and for each d
⇤ the torque is calculated for each ✓.

Intersecting these curves are the solid, dash-dotted, and dashed curves corresponding to the torque
due to gravity. The torque due to gravity can be calculated by Tg = Lmg cos ✓/2 from (3.2.1). The
intersection points of the two sets of curves depicted are the same as those seen in Figure 3.10 and
Figure 3.11.

due to surface tension are juxtaposed to three curves representing the torque due
to gravity, corresponding to Bt = 0.3, 0.54, 0.87 as labeled. By use of (3.2.1), Tg

can easily be calculated. The intersections of these two sets of curves determine the
pairs of displacement d⇤ and angle ✓ used to model the experimental data for each
corresponding Bond number. Take for example the curve seen in Figure 3.9 labeled
d⇤ = 0.05, it intersects the curve corresponding to Bt = 0.3 at approximately ✓ = 0,
meaning the curve corresponding to the numerical simulations found in Figure 3.10
should pass through these two values.

Note that as seen in the left panel of Figure 3.10 the curve corresponding to the
Surface Evolver simulations has been shifted by 0.04 to account for the thickness of
the base and the tiles. Within Surface Evolver, a soap film is assumed to be of zero
thickness, and so the results do not accurately represent the physical reality. For the
curve corresponding to Bt = 0.54 in Figure 3.9, additional experiments were conducted
to consider the variation of the width, w, of the tiles while maintaining the inscribed
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Figure 3.10: Additional experimental verification of the proposed model and comparison to simulations
carried out using Surface Evolver. The empty data points shown correspond to geometries with a base
shape given by the shape of the datapoint mark. Triangular R

⇤
= 0.12, square R

⇤
= 0.2, pentagonal

R
⇤
= 0.28 and hexagonal R⇤

= 0.35 bases as seen in Figure 3.3 Column 1. The left panel coalesces
the experimental data points depicted in Figure 3.6 into a single plot, and the right panel similarly
shows the aggregation of data points depicted in Figure 3.7. The solid circular marks are replicated
from Figure 3.9 and define the line corresponding to the Surface Evolver simulations. The simulation
results more closely approximate the experimental results for the entire range of d⇤ compared to the
theoretical predictions.

radius, R⇤, of the base fixed. Figure 3.11 depicts the results of these experiments. The
edge lengths of the bases match the widths of the supported tiles and are given by:
Ri = 3.5 cm for the triangular base, Ri = 2 cm for the square base, Ri = 1.5 cm for
the pentagonal base, and Ri = 1.2 cm for the hexagonal base. The lengths of the tiles
were kept fixed at 2 cm.

An interesting observation when comparing the analytical and numerical models to
the experimental data is that there are no experimental values of 5⇡/12 < ✓ < ⇡/2,
while the models depict an inflection point of sorts. For both the analytical model
(3.2.14) and the numerical scheme seen in Figure 3.10 and Figure 3.11 there exist
values of d⇤ for which multiple values of ✓ and predicted. And within the same regime,
no experimentally realized combinations of d⇤ and ✓ exist. This is due to the qualitative
change noted between columns 2 and 3 of Figure 3.3. Beyond a critical value of d⇤, at
which point multiple values of ✓ correspond to a single value of d⇤, the tiles snap to
the aligned positions corresponding to ✓ = ⇡/2. It is worthwhile to note that while a
single analytical model does not correspond to the experimentally observed transient
tiles angles, the critical distance at which the tiles reach ✓ = ⇡/2 is well approximated
by the proposed model.
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varies. To further verify the observed correspondence, the Bond number of the experimental points
seen here correspond to R

⇤
= 0.4 and Bt = 0.54. Mark shape corresponds to the shape of the base.

the error bars
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3.2.2 Effective radius of prismatic nets

(a) (b) (c) (d)

n = 3 n = 4 n = 5 n = 6 ` = 2 cm

Figure 3.12: Self-Assembly of prism structures with a triangular, square, pentagonal, and hexagonal
bases of 2 cm side width, the rectangular faces are of 2 cm height. The top image shows the initial net
configuration, and the bottom the final displacement-driven assembly. n refers to the number of edges
of the base and ` the edge length, ` being constant across all images seen. The process of assembly
of these structures can be found in Appendix B. The structure in (c) is further detailed in Movie 2.
Please refer to Movie 2, or go to the URL: https://www.dropbox.com/s/ujukjasga05t7yp/Movie_
2.mp4?dl=0 for a detailed view of the process.

Figure 3.13 shows the data of pinch-off distance from the supporting ring as it
compares to the bounding limit of catenoidal solutions; the black line in Figure 3.13
is the same as derived in Chapter 2. The dimensionless height h⇤ is measured from
the images in Figure 3.3. In Figure 3.13 the effective radius of prismatic assemblies is
Re1/Ro where Re1 is given by:

Re1 =

s
n`2

4⇡ tan ⇡
n

, (3.2.15)

for n the number of sides of the polygonal base, and ` the length of each side as labeled
in Figure 3.12. (3.2.15) is equivalent to finding the radius corresponding to the area
of the base of the prism structures. As seen in Figure 3.3, the rectangular faces of
the prism structures snap together; at this point, the boundary of the soap film has
changed from a non-planer curve to one identical to that of its base. We expect that
for prisms with square facets, the pinch-off of the assemblies will asymptotically ap-
proach the given limiting curve as the base approaches a circle. Figure 3.13 also shows
the comparison of experimental and numerical results to the analytical prediction of
catenoid-like soap film pinch-off. Numerical simulations were carried out with Surface
Evolver identical to those described in Section 2.1.2, except that the lower bounding
rings were replaced with polygonal boundaries. Simulations were conducted at each
effective radius seen in Figure 3.13 for each boundary geometry: triangular, square,
pentagonal, and hexagonal. The difference between the theory and numerical results
appears to increase for triangular and square geometries, while pentagonal and hexago-

https://www.dropbox.com/s/ujukjasga05t7yp/Movie_2.mp4?dl=0
https://www.dropbox.com/s/ujukjasga05t7yp/Movie_2.mp4?dl=0
https://www.dropbox.com/s/ujukjasga05t7yp/Movie_2.mp4?dl=0
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Figure 3.13: Data corresponding to the final deflections seen in Figure 3.3 of free-standing prism struc-
tures shown using a LogLog scaling. The black line is the limit of catenoidal soap film configurations
as derived in Chapter 2. Mark shape corresponds to the shape of the base; triangular, square, pen-
tagonal, and hexagonal. h

⇤ and R
⇤ are defined as shown in Figure 3.4. The dimensionless deflection

scaled by the bounding radius Ro = 5 cm as is the effective radius of each data point Re1/Ro where
Re1 is the radius corresponding to the circle of equal area as the polygonal base, equivalently shown
in (3.2.15). Points are averaged over two prism heights, and the error bars account for the error in
measurement.

nal geometries fluctuate around the theorized limit. Given prism facets of non-unitary
aspect ratios, the construction is dependent on the initial alignment of the components
as seen in Figure 3.3 (a1)� (d1). If one of the facets is miss-aligned during the start of
the experiment, the construction will likely fail at the pinch-off stage as the asymmetry
will cause the structure to fall.

3.2.3 Reversibility of assembly
The prismatic structures shown in Figure 3.12 (b), (c), and (d) all exhibit a soap film
spanning the top of the tiles. This film can be used to invert the assembly process as
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Figure 3.14 demonstrates. The reversibility of such structures is less consistent com-
pared to the forward process. One should also note that extending the spanning soap
film above the prismatic structure is necessary for the reverse process. The theorized
mechanism of the reversibility is that the two soap film membranes coalesce, so the
structures revert to a state similar to those seen in the second column of Figure 3.3.
The joining of the two disjoint membranes is a much less understood process than the
previously discussed pinch-off phenomena.

(a) (b) (c)

Figure 3.14: The hexagonal structure shown in Figure 3.12(d), with 2 cm height and identical side
length, is raised until the soap film spanning the top of the structure comes into contact with the
existing film spanning the support frame. (b) is the first contact between the two films. The elapsed
time from image (a) to (b) and (b) to (c) is 200 ms. Following (c), the tiles suspended in the soap film
reach an equilibrium angle, as described in Section 3.2.1, after approximately two seconds. Please refer
to Movie 3, or go to the URL: https://www.dropbox.com/s/hvp4fn64ccuut43/Movie_3.mp4?dl=0
for a detailed view of the process.

https://www.dropbox.com/s/hvp4fn64ccuut43/Movie_3.mp4?dl=0
https://www.dropbox.com/s/hvp4fn64ccuut43/Movie_3.mp4?dl=0
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3.3 Pyramidal structures

Continuing with the analogy of building a house, once the walls have been raised,
the roof needs to snap together. This section shows the construction of pyramidal
structures atop a polygonal base. Figure 3.15 contains one of four pyramidal structures
constructed on each base. The same bases as in Section 2 were used with similarly 3D
printed components. The process seen in Figure 3.15 is stationary in time for all
configurations of the tiles until the facets are perpendicular to the base. Following this
configuration, seen in Figure 3.15 (c3) and (d3), the pinch-off of the catenoidal soap film
is initiated. The symmetry breaking found in certain prismatic structures, as described
in the previous section, also occurs in pyramidal structures. Row (d) in Figure 3.15
shows how the deposition of a component directly impacts the final structure. Prior
to (d1), the triangular tile on the lower left side was deposited with excess kinetic
energy and thus did not align properly with the base edge. It could have been aligned
manually prior to the initiation of the displacement, but the imperfection was small
enough that the final structure was still stable. As all the tiles seen in Figure 3.15 are
isosceles triangles, the deposition must be carried out in a particular fashion. Such
tiles are held by tweezers at the vertex opposite the tile edge of 2 cm length. This is
to ensure that the edge of the triangular tile aligns with the base as closely as possible
after deposition.
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Figure 3.15: Self-Assembly of pyramid structures with triangular, square, pentagonal, and hexag-
onal bases of 20 mm side width. The long edges of the triangular facets measure 26 mm, cor-
responding to the largest heights, th, tested. Note that for rows (c) and (d), the triangular
facets do not meet at the apex of the pyramid structure; this is due to the pinch-off behav-
ior of the soap film. Appendix C contains additional images of pyramidal constructions. Movie
4 shows the deposition and construction of a pentagonal pyramid similar to that seen in row
(c), but with equilateral triangular facets. The video can also be found at the following URL:
https://www.dropbox.com/s/gto8y1ifg6rk84a/Movie_4.mp4?dl=0.

https://www.dropbox.com/s/gto8y1ifg6rk84a/Movie_4.mp4?dl=0
https://www.dropbox.com/s/gto8y1ifg6rk84a/Movie_4.mp4?dl=0
https://www.dropbox.com/s/gto8y1ifg6rk84a/Movie_4.mp4?dl=0
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3.3.1 Effective radius of pyramidal nets

Regarding the constructions seen in Figure 3.15, we propose an alternative effective
radius that determines the pinch-off distance of pyramid structures. One notable differ-
ence between the construction of prisms and pyramids is that the boundary between the
soap film and the suspended facets does not revert to a planer boundary, which means
that the snap-together phenomena seen in the prismatic structures, after which the
soap film is still maintained, occurs simultaneously with the pinch-off of the catenoidal
soap film. This coincidence of occurrence, pinch-off, and the pyramid snap together
should be reflected in the effective radius of the process. As such, we consider the
total area of the star shapes seen in Figure 3.15 (a1)� (d1), the area of the triangular
facets as well as the base. Finding the radius of a circle corresponding to the given
area similarly to (3.2.15). Additionally, a parameter is needed to account for the dif-
ferent shapes of the triangular faces. The following expression is used to calculate the
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Figure 3.16: Data corresponding to the final deflections of pyramid structures seen in Figure 3.15
using a LogLog scaling. The black curve is the condition on the existence of catenoidal soap films,
as seen in Figure 3.3 and derived in Chapter 2. Mark shape corresponds to the shape of the base;
triangular, square, pentagonal, and hexagonal with side length 2 cm. For each base geometry, four
different triangular facet heights were considered. The effective radius of each structure is Re2/Ro

where the effective radius Re2 is given in by (3.3.1) and takes into account the ratio between facet
height and side length as well as the total area of the facets and base.
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effective radii of the corresponding structures as found in Figure 3.16,

Re2 =
th � 2lcp
t2h + (`/2)2

s
n`th +

n`2

2 tan ⇡
n

2⇡
. (3.3.1)

Once more, for n the number of sides of the polygonal base, ` the length of each side,
th being the height of the triangular facets, and lc the capillary length, assumed to be
lc = 2 mm. The addition of the capillary length, in particular, accounts for the sharp
edges of the facets.

3.3.2 Reversibility of assembly

The reversibility of pyramidal structures follows the same principle of prismatic ge-
ometries. A distinction is that we only expect pentagonal and hexagonal pyramidal
structures to exhibit reversibility. Only these two base geometries have been shown to
construct pyramidal geometries with a soap film spanning the apex of the pyramid. For
triangular and square pyramidal structures, the tiles all appear to meet at the apex, as
seen in Figure 3.15 and Appendix C. The sharp vertices of closed pyramidal structures
will often puncture the soap film spanning the supporting ring. Figure 3.17 shows an
identical view as seen in the previous section for the reversibility of a hexagonal pyra-
mid. The structure shown in Figure 3.17 (a) is constructed from equilateral triangular
tiles. The initial assembly process can be found in Figure C.4. As the tiles are equi-
lateral and the base hexagonal, one should notice that the vertices of the tiles cannot
touch. For this reason, this is one of the potential candidates to test the reversibility
of pyramidal structures.

Note that, compared to the hexagonal prism in the previous section, Figure 3.17
(c) shows much more movement and displacement of the tiles. Figure 3.18 shows a

(a) (b) (c)

Figure 3.17: The hexagonal structure similar to that shown in Figure 3.15, except with equilateral
triangular tiles, is raised until the soap film spanning the top of the structure comes into contact with
the existing film spanning the support frame. (b) is the first contact between the two films. The
elapsed time from image (a) to (b) and (b) to (c) is 200 ms. Following (c), the tiles suspended in the
soap film reach an equilibrium after approximately two seconds. Please refer to Movie 5, or go to the
url: https://www.dropbox.com/s/o50bxuzdijbv2j8/Movie_5.mp4?dl=0 for a detailed view of the
process.

https://www.dropbox.com/s/o50bxuzdijbv2j8/Movie_5.mp4?dl=0
https://www.dropbox.com/s/o50bxuzdijbv2j8/Movie_5.mp4?dl=0
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similar process to that seen in Figure 3.17 but from the side. The side view shows
that the process of inverting a pyramidal structure to its net orientation is much more
explosive than observed in the prismatic case. This is likely due to the increased
momentum of the tiles following the joining of the two soap film membranes. The tiles
in the pyramidal geometry are moved from an angled position compared to the vertical
position that the tiles of the prismatic structures start in prior to the opening of the
structures.

3.4 Additional geometries

The displacement-driven assembly method presented in this chapter builds upon the
gravity-mediated structures presented in Chapter 2. The addition of the supporting
base significantly increases the number (and thereby total mass) of components that
can reach equilibrium within the membrane. While only three suspended squares,
as seen in Figure 2.16, approach the upper Bond number limit, the displacement-
driven case allows for four and even five such tiles. Figure 3.19 shows a closed cubic
structure made using the displacement-driven method. The construction of prisms and
pyramids contains many subtle differences; Figure 3.19 and Figure 3.20 combine these
two fundamental forms. While the previous sections show how to bring the walls of
a house together and separately the construction of polygonal pyramids, the method
presented in this chapter can also make closed structures. Figure 3.19(a)� (e) follows
the behavior of prism assemblies while from (f) � (h) the pinch-off of the soap film
resembles that seen in pyramid construction.

The phenomena seen in Figure 3.19 is a particular case as it contains a lid for the
cube. The fifth square tile added to the assembly must be placed in a specific location.
The size of the supporting frame is also relevant as its radius bounds the size of the
potential assemblies. Figure 3.20 completes the house-building analogy mentioned at
the start of this chapter. The careful deposition of four triangular tiles aligned with
four square tiles atop a square base results in a simple house structure assembled by
the displacement-driven method.

In addition to combining prismatic and pyramidal geometries, the presented method
enables the assembly of octahedral geometries. Figure 3.21 portrays such a structure.
The initial deposition of three additional triangular tiles while maintaining the symme-

(a) (b) (c)

Figure 3.18: The hexagonal structure similar to that shown in Figure 3.17, except with triangular
tiles of 21.81 mm height, is raised until the soap film spanning the top of the structure comes into
contact with the existing film spanning the support frame. Time elapsed between frames (a) and (b)

is 150 ms, and between (b) and (c) is approximately one second. Please refer to Movie 6, or go to the
url: https://www.dropbox.com/s/w8nm81ixsf5lzvl/Movie_6.mp4?dl=0 for a detailed view of the
process.

https://www.dropbox.com/s/w8nm81ixsf5lzvl/Movie_6.mp4?dl=0
https://www.dropbox.com/s/w8nm81ixsf5lzvl/Movie_6.mp4?dl=0
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Figure 3.19: Simultaneous top and side views of a displacement-driven self-assembled cube with side
lengths of 2 cm. The process is stable at each instance (a)-(f) and (h), while (g) is a frame captured
during the snapping process. The phenomena observed between instances (f) and (g) resemble the
pinch-off of a catenoid-shaped soap film during the transition to a Goldschmidt solution. Please refer
to Movie 7, or go to the url: https://www.dropbox.com/s/iwncru315dqp5gd/Movie_7.mp4?dl=0
for further details.

(a) (b)

Figure 3.20: Self-Assembly of a square pyramidal structure atop a cube. We expect the pinch-off
behavior to be similar to that of the pyramidal structures with square bases presented in Figure 3.15
and Figure C.2. The addition of the triangular tiles necessitates careful deposition to one of the four
suitable placements for the construction to be stable. Please refer to Movie 8 , or go to the url:
https://www.dropbox.com/s/zkcu2ojl1zh9uzq/Movie_8.mp4?dl=0 for further details.

https://www.dropbox.com/s/iwncru315dqp5gd/Movie_7.mp4?dl=0
https://www.dropbox.com/s/iwncru315dqp5gd/Movie_7.mp4?dl=0
https://www.dropbox.com/s/zkcu2ojl1zh9uzq/Movie_8.mp4?dl=0
https://www.dropbox.com/s/zkcu2ojl1zh9uzq/Movie_8.mp4?dl=0
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(a) (b) (c)

Figure 3.21: Self-Assembly of an octahedral structure with a triangular base of 2 cm side width.
The pinch-off behavior is expected to be the same as for prismatic structures. The six triangular
components exhibit a snapping and pinch-off process as observed in the prism structures detailed in
Figure 3.3 and Appendix B.

try of the net allows for constructing an octahedral geometry without a lid. Figure 3.22
shows the corresponding closed structure with the addition of a seventh triangular tile.
The addition of closed and octahedral geometries considerably broadens potential re-
search avenues into such constructions and their applications.

(a) (b) (c)

(d) (e) (f)

Figure 3.22: Self-Assembly of an octahedral structure with a triangular base of 2 cm side width and
a lid. We expect the pinch-off behavior to be similar to that of the cube presented in Figure 3.19.
Note that adding the seventh component (the lid) necessitates careful deposition to one of the three
suitable placements for the construction to be stable. Please refer to Movie 9 , or go to the url:
https://www.dropbox.com/s/7x65isgjt5fhbf4/Movie_9.mp4?dl=0 for further details.

https://www.dropbox.com/s/7x65isgjt5fhbf4/Movie_9.mp4?dl=0
https://www.dropbox.com/s/7x65isgjt5fhbf4/Movie_9.mp4?dl=0
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3.5 Self-folding

Additional experiments were conducted to show that self-folding of pre-patterned poly-
hedral nets can be accomplished using the presented method regardless of the orien-
tation. Figure 3.23 shows the alignments of a cubic and an octahedral geometry in
(a) and (b), respectively. 35 µm thick tape, seen in yellow, is used to join the edges
and function as a hinge. The use of such a thin tape limits the resistance to bending
and allows the structures to come together, as seen in Figure 3.24. The low resistance
to bending allows the soap film’s catenoid-like shape to arrange the tiles into the ex-
pected 3D structures. Following the soap film pinch-off, as seen in Figure 3.24 (b3), the
structure is held together by capillary adhesion. Once the soap film has pinched off, it
spans the bounding ring of radius 5 cm and the top of the self-folded structure, thereby
keeping the structure together. Figure 3.24 depicts a self-folding process with the base
moving in the opposite direction as the direction of gravitational acceleration. (a3) and
(b3) show the instances prior to and following the soap film pinch-off, respectively. In
the absence of the soap film, the nets would find an equilibrium in an open position, as
the resistance to bending of the tape is non-zero, and the force due to gravity is acting
on the structure.

Figure 3.25 depicts the same structures, but the base is moving in a direction
perpendicular to the direction of gravitational acceleration. Once more, the shape of
the soap film immediately prior to pinch-off is well approximated by a catenoid, so
the self-folding process is expected to exhibit the same phenomena described earlier in
this chapter. These experiments show that the displacement-driven assembly methods
investigated in this chapter are not restricted to small Bond numbers nor the geometries

Figure 3.23: 2D nets of self-folding assemblies. (a) shows five squares of side length 2 cm held together
at four edges by use of 35 µm thick tape. The tiles are 0.5 mm thick and have an average mass of
0.0577 g; the same tiles were used in Section 3.2 to investigate prismatic assembles. (b) shows seven
equilateral triangles of side length 2 cm and thickness of 0.5 mm held together at six edges by use of
the same 35 µm thick tape. The average mass of these triangles is 0.0391 g. The tape is applied to
one side of the tiles, and the excess is trimmed to ensure that the tape functions as a hinge with as
little resistance as possible.
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Figure 3.24: Row (a) depicts the progression of self-folding of a cube from the pattern shown in
Figure 3.23(a). While row (b) depicts the same for an octahedral geometry. The critical separation
distance between the base and the ring supporting the soap film is expected to be the same as described
in Section 3.2.

presented in this thesis. The potential for future work regarding soap film mediated self-
assembly and self-folding can even be considered in gravity-independent environments.
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Figure 3.25: Self-folding perpendicular to the direction of gravitational acceleration is shown for cubic
and octahedral structures. The camera is aligned such that the entirety of the ring, of radius 5 cm,
can be observed. The soap film and tiles used are identical to those used previously.



Conclusions

This thesis has investigated the potential of self-assembly at centimeter length scales,
demonstrating suspended platonic geometries, free-standing prismatic, pyramidal, and
octahedral geometries. Extending the current capabilities of capillary-driven assemblies
into larger length scales and away from self-folding systems. Iyer and Kolin [5] point to
the current disadvantages of mesoscale self-assembly, being that processes are slow and
that self-repair could be costly. But as described, the method presented in this thesis is
highly reproducible and even reversible. Using soap film membranes, gravity-mediated
assemblies were shown along with an axisymmetric model to bound the total mass and
effective radii of such structures. In the context of displacement-driven assemblies, a
catenoid-like soap film was used to assemble self-supported structures atop a base via
the pinch-off instability of a catenoidal soap film. The pinch-off instability of a soap
film has been well studied experimentally (by Robinson and Steen [70]), numerically
(by Jana and Kar [87]), and theoretically (by Goldstein et al. [71]) as recently as 2021.
Building upon the vast existing literature, this thesis has demonstrated a new method
of self-assembly as well as another avenue of study considering the interactions of tiles
and soap films.

Figure 4.1 combines these concepts into a phase space of existence for catenoidal
soap films and the corresponding 3D assemblies. The dashed curve corresponds to
the condition on the existence of a catenoid derived in Chapter 2. The red region
above the dashed line corresponds to combinations of R⇤ and h⇤ such that a catenoid
cannot span the two rings of defined radius given the separation between them. The
transition to this region enables the assemblies found in Chapter 3, and it contains the
fully assembled structures. The assembly of displacement-driven structures is found in
the red area below the dashed line. The effective radii corresponding to prismatic and
pyramidal displacement-driven assemblies, detailed in Chapter 3, provide a geometric
interpretation of the tiles’ effect on the pinch-off of a catenoid-like soap film. The blue
region contains possible gravity-mediated assemblies. The bounding blue curve is the
limiting solution of the system derived in Chapter 2, detailing a ring of given mass
supported by a soap film that spans a bounding frame.

The blue curve seen in Figure 4.1 is an ideal bound on the existence of gravity-
mediated assemblies. As described in Chapter 2 Section 3, even a suspended ring
exhibits symmetry breaking for large Bond numbers. As the mass of a suspended
structure increases, the induced flow and manufacturing imperfections lead to asym-
metric equilibrium arrangements. While rings have been shown to be supported in
such asymmetric configurations, this is not the case for gravity-mediated platonic as-
semblies. As such, an approximate bound on the total mass of a suspended assembly
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Figure 4.1: As previously noted, R⇤ is the ratio of the effective radius of an assembly and the radius of
the bounding frame., h⇤ is the ratio of the separation displacement and the radius of the supporting
ring. The dashed curve delimits the existence conditions of catenoidal soap film geometries. The
detached assemblies correspond to discontinuous Goldschmidt solutions, while the catenoid solutions
contain assemblies still attached to the catenoid-like soap film. The blue curve is the limit of gravity-
mediated assemblies within a catenoidal soap film membrane, namely the solution of 2.2.27 for B = 1,
shown in Chapter 2.

is considered. Given B = 0.8, the equilibrium displacements h⇤ are less than half the
values corresponding to B = 1 for all R⇤. I propose that the approximate bound of
B  0.8 is appropriate when considering physically realizable gravity-mediated assem-
blies. Another factor to consider is the boundary of the soap film as it interacts with
a suspended structure. The boundary between the soap film and the tiles is a regular
polygon for tetrahedral, octahedral, and icosahedral geometries. Chapter 3 Section
2 details how such polygonal boundaries admit an effective radius; this approxima-
tion applies to the gravity-mediated assemblies with corresponding shapes. For cubic
and dodecahedral suspended geometries, the boundary between the soap film and the
tiles is not planer. The existence of such gravity-mediated structures can be predicted
partially by the Bond number approximation proposed in Chapter 2. Using Surface
Evolver simulations, all assemblies were predicted to correspond to an effective radius.

Regarding displacement-driven assemblies, one should notice the imperfections in
the constructions described in Chapter 3. The deposition of the tiles directly influences
the final assembly. Imperfections in the alignment can lead to the collapse of an
assembly, but the structures are found to be still formed for small-scale deviations.
Additional experiments and analysis could aid in the development of a more consistent
experimental procedure. The pinch-off phenomenon of catenoidal soap films is well
studied, but with the addition of the tiles detailed in this thesis, the rate at which
pinch-off occurs is an important distinction. More detailed experiments are needed to
understand the effect of the tiles on the pinch-off process.

Future work could consider combining the self-assembly capabilities of the system
demonstrated in this thesis with the photo-polymerization of a liquid film. The result
of Ragelle et al. [11] could be integrated with the assembly processes of Chapter 3
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to construct rigid structures. The structures shown in this thesis are only the fun-
damental building blocks of all possible assemblies, combining and rearranging these
building blocks could lead to a multitude of additional assemblies. The potential of
two-dimensional assemblies within a gravity-mediated system could be further inves-
tigated. The methods shown in this thesis could be used on larger length scales.
Consider a liquid film of similar physical properties to a soap film. Still, with surface
tension orders of magnitude higher, such a film would be able to construct structures
with length scales on the order of meters. Increasing the length-scale of the assemblies
presented in this thesis would enable further applications in packaging, robotics, and
three-dimensional electronics.
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Appendix A

Supplementary calculations

A.1 Gravitational Effects

Consider a soap film supported by a circular loop of radius Ro with orientation per-
pendicular to the direction of gravitational acceleration.

O (Ro, 0)

(0, d)

Figure A.1: Schematic of a potential equilibrium configuration of a soap film deflection under the
effect of its own mass (r = 0 is the axis of rotation). The soap-film membrane is shown in red, with a
Dirichlet condition at (Ro, 0) and a Neumann condition at (0, d) for a deflection of magnitude d

The shape of the soap film in Figure A.1 can be represented as z(r) such that
z(Ro) = 0 and z0(0) = 0 are relevant boundary conditions. The total energy of the sys-
tem can be written as a sum of the surface energy of the soap film and its corresponding
gravitational potential energy, as follows

Ē(z) =

Z Ro

0

2⇡r (2� + ⇢⌧gz)
p
1 + (z0(r))2 dr, (A.1.1)

where � is the surface tension of the soap film, ⇢ is the density(assumed to be constant),
⌧ is the thickness (also assumed to be constant), and g is the gravitational acceleration.
As (A.1.1) has fixed endpoints and depends on r, z(r), and z0(r) the Euler–Lagrange
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Equation corresponding the the functional Ē(r, z, z0) can be directly computed as

0 =
@Ē

@z
�

d

dr

✓
@Ē

@z0

◆
, (A.1.2)

= 2⇡r⇢⌧g
p

1 + (z0)2 �
d

dr

"
2⇡r(2� + ⇢⌧gz)z0p

1 + (z0)2

#
, (A.1.3)

= (r � z0(z +
2�

⇢⌧g
))((z0)2 + 1)� rz00(z +

2�

⇢⌧g
). (A.1.4)

Non-dimensionalizing (A.1.4) by r⇤ = r
Ro

, z̄ = z
Ro

and setting Bg =
2�

⇢⌧gRo
yields

8
>>><

>>>:

z̄00 =
�
1 + (z̄0)2

�✓ 1

z̄ +Bg
�

z̄0

r⇤

◆
,

z(1) = 0,

z0(0) = 0.

(A.1.5)

(A.1.6)
(A.1.7)

Solving this system numerically for Bg 2 [20, 2000] and evaluating z(0), a plot of the
maximal deflection (d) of a soap film deformation under the effect of its mass is seen in
Figure A.2. The physical parameters � = 0.024N/m, ⇢ = 1100kg/m3, g = 9.81m/s2,
Ro = 5cm, and ⌧ ranging from 50 to 5000nm correspond to Bg ranging from 17.8 to
1779. As Bg resembles the recripocal of a standard Bond number, as Bg approaches
infinity the Bond number of the system approaches zero.

0 200 400 600 800 1,000 1,200 1,400 1,600 1,800 2,000
10�4

10�3

10�2

Bg

z̄(0)

Figure A.2: The curve seen shows the total dimensionless deflection d = z̄(0) = z(0)/Ro (in log

scale) of a soap film oriented as shown in (A.1). The dimensionless parameter Bg = 2�/⇢⌧gRo can
be charecterized as the inverse of the Bond number of the system. Note that for large values of Ro

the assumption that the density is constant no longer holds. As the soap film grows in size and the
deflection increases a fluid flow is induced, resulting in greater ⌧ and ⇢ near r = 0.
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A.2 Catenary solution of the axisymmetric minimal

surface equation

From (2.2.14) the axisymmetric minimal surface equation is reproduced as follows

0 =
p

1 + (r0)2 �
d

dz

 
rr0p

1 + (r0)2

!
(A.2.1)

Evaluating the derivative and rearranging the terms:

0 =
p

1 + (r0)2 �
(r0)4 + (r0)2 + rr00

(1 + (r0)2)3/2
(A.2.2)

= (1 + (r0)2)2 � (r0)4 � (r0)2 � rr00 (A.2.3)

= 1 + (r0)2 � rr00 (A.2.4)

Note that (A.2.4) is the axisymmetric minimal surface equation presented in Section
2.1. Letting u = r0 = dr/dz we can simplify (A.2.4) to a first order differential equation.

ru
du

dr
� u2

� 1 = 0 (A.2.5)

r
du

dr
=

1 + u2

u
(A.2.6)

By separation of variables, we can now integrate, yielding:

ln(r) =
ln(1 + u2)

2
+ C1 (A.2.7)

C1r
2 = 1 + u2 (A.2.8)

u2 = C1r
2
� 1 (A.2.9)

u =
p

C1r2 � 1 (A.2.10)

(A.2.10) is a first-order ordinary differential equation in terms of r and a constant of
integration C1. This allows for another integration and a solution written in terms of
the constants of integration C1 and C2

dr

dz
=
p
C1r2 � 1 (A.2.11)

r(z) =
cosh(

p
C1(z + C2))
p
C1

(A.2.12)

By evaluating (A.2.12) at two points a system of 2 equations and two unknowns (C1

and C2) can be found. But while it is possible to isolate for C2, an expression for C1

cannot be written in closed form. As such consider (A.2.11) evaluated at (r1, z1), and
(A.2.12) evaluated at (r2, z2). This allows for both C1 and C2 to be written in closed
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form in terms of the endpoints and r0(z1)

C1 =
1 + r0(z1)2

r21
(A.2.13)

C2 =
cosh�1(r2

p
C1)

p
C1

� z2 (A.2.14)

(A.2.12) can thus be written as

r(z) =
r1p

1 + r0(z1)2
cosh

 
z
p
1 + r0(z1)2

r1
+ cosh�1

 
r2
p

1 + r0(z1)2

r1

!
� z2

p
1 + r0(z1)2

r1

!

(A.2.15)
Non-Dimensionalizing the system by setting r̄ = r/r2, z̄ = z/r2, r⇤ = r1/r2, z⇤ = z2/r2,
and R0 =

p
1 + r0(z1)2

r̄ =
r⇤

R0 cosh

✓
(z̄ � z⇤)R0

r⇤
+ cosh�1

✓
R0

r⇤

◆◆
(A.2.16)

(A.2.16) can be rearranged such that z̄ is a function of r̄ as follows

z̄ =
r⇤

R0


cosh�1

✓
r̄R0

r⇤

◆
� cosh�1

✓
R0

r⇤

◆�
+ z⇤ (A.2.17)
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A.3 Force balance formulation of gravity-mediated as-

semblies

In the same geometry as seen in Figure 2.6 note that the total force acting on the
suspended ring of radius Ri is concentrated on the edge. Due to the symmetry of the
system, the force balance perpendicular to the direction of gravity is directly satisfied.
In the direction of gravitational acceleration, a balance between the force due to the
surface tension of the soap film and the force due to gravity must be satisfied. As such,
at the point (Ri,h), the following holds

0 = Fg + F� (A.3.1)
= mg + (2⇡Ri)(2� cos(�)) (A.3.2)

where � is the angle between the soap film and the direction of gravitational accel-
eration at the point (Ri,h). Notice that dr

dz |z=h = tan(�), namely the slope of the soap
film at (Ri,h) or r0(h) can be written in terms of �

dr

dz

���
z=h

= r0(h) = tan(�) = tan

✓
cos�1

✓
�mg

4⇡�Ri

◆◆
(A.3.3)

Knowing that a soap film spanning two concentric rings separated by some distance
h can be represented by a catenary, the following system determines the shape of the
soap film

8
>>>>>>>>><

>>>>>>>>>:

r(z) =
cosh(

p
C1(z + C2))
p
C1

C1 =
(r0(h))2 + 1

R2
i

C2 =
cosh(Ro

p
C1)

p
C1

(A.3.4)

(A.3.5)

(A.3.6)

Using (A.3.3), the constant of integration C1 and C2 can be expressed as follows
8
>>>><

>>>>:

C1 =

✓
4⇡�

mg

◆2

C2 =
mg

4⇡�
cosh

✓
4⇡�Ro

mg

◆

(A.3.7)

(A.3.8)

Evaluating (A.3.4) at the point (Ri,h) and isolating for h the same expression as
shown in (2.2.25) is recovered. This is obvious as the constants of integration are
identical to those recovered in Chapter 2.





Appendix B

Open prismatic structures

This appendix is provided as a library of images. While a multitude of experiments
concerning the displacement-driven assembly of prismatic structures was conducted,
experimental trials used as data points or referenced throughout the thesis are found
in Figure B.1. The bases are all regular polygons with a side length of 2 cm. For
each distinct base, two different rectangular tiles are presented with heights of 2 cm
and 2.5 cm. The experiments corresponding to tiles of height 2 cm show detached
assemblies in column 4 while the other prismatic height depicts the instant prior to
pinch-off in the fourth column. The average mass of the square tiles is 0.0577 g while
the rectangular tiles of height 2.5 cm have an average mass of 0.0636 g.
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Figure B.1: Self-assembly of prismatic structures with bases of 20 mm side width, the rectangular
faces are of 20 and 25 mm height. Column (a1)-(h1) is a top view of the initial arrangements of the
components prior to the initiation of the base displacement. From column 2 to 3 the lower bounding
curve of the soap film exhibits a qualitative change as the components snap together the boundary is
planar, matching the shape of the base.



Appendix C

Pyramidal structures

Similar to the appendix regarding prismatic structures this appendix functions as a
library of images showing all relevant experimental trials. Each of the following figures
is labeled according to the shape of the base. All bases are regular polygons with side
lengths of 2 cm. The triangular tiles making up the faces of the pyramidal structures
are all iscolescs and separated into four kinds. All triangles have one edge of length
2 cm and the other two edges have lengths as follows: 2 cm, 2.2 cm, 2.4 cm, and 2.6 cm.
Correspondingly, the average masses of these types of triangular tiles are: 0.0391 g,
0.0402 g, 0.0469 g, and 0.048 g respectively.
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Figure C.1: Displacement-driven triangular pyramidal structures.
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Figure C.2: Displacement-driven square pyramidal structures.
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Figure C.3: Displacement-driven pentagonal pyramidal structures.
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Figure C.4: Displacement-driven hexagonal pyramidal structures.


